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Vectors
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1.1 N-Dimensional Space

N-dimensional space consists of points that have N components.
For example, (0,0) is the origin in 2-dimensional space, (0,0,0) js
the origin in 3-dimensional space, and (0,0,0,0) js the origin in
4-dimensional space.

Similarly, the points (0, 0), (1, 0), (0,1) are the corners of a triangle
in 2-dimensional space, the points (0,0, 0), (1,0, O), (0,1, 0),
(0,0,1) are the corners of a tetrahedron in 3-dimensional space,
and the points (07 07 Oa 0), (15 07 07 O), (07 1a 07 0), (07 07 15 0),
(0,0,0,1) are the corners of a “hypertetrahedron” in 4-dimensional
space.

Functions with Multiple Inputs and Outputs

We're used to seeing single variables as inputs and outputs to
functions, but functions can really take any number of variables as
input and produce any number of variables as output.

For example, the function f(z,y) = = + ¥ takes two input
variables, and adds them to produce a single output variable. Thus,
it maps points in 2-dimensional space onto points in 1-dimensional
space.
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= _ z
Similarly, the function f,y) = <$ TY,% -y, 2y, y>

input variables and produces four output variables: the sum,
difference, product, and quotient of the inputs. Thus, it maps points

takes two

in 2-dimensional space onto points in 4-dimensional space.

Lastly, the function flz1, 22, 2p) = (121, 272, . .., My,
takes IV input variables and produces M output variables, which
are just the first M input variables multiplied by their indices. Thus,
it maps points in N-dimensional space onto points in M-dimensional
space.

Vectors

Points in N-dimensional space consist of numbers, but can also be
thought of as manipulable entities in their own right, called vectors.
When we think of points as vectors, we cease to think of them as
fixed points in space. Instead, we think of them as displacements
through space.

For example, the vector (1,2) can represent the displacement from
the point (0,0) to the point (1,2) — but it can also represent the
displacement from (2,1) to (3, 3), or (—2,-3) to (-1, _1), or any
other point (Z,9) to (z + 1,y +2),
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Vectors can be added component-wise, and adding a sequence of
vectors together yields a net displacement through all the vectors
combined, starting each vector where the previous one ends.

(1,2) 4+ (=5, 1)+ (1,-2) = (1 -5+ 1,2 -1 —2)
= (-3,-1)

<142)E
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Scalars

Vectors can also be multiplied by regular numbers called scalars.
Multiplying a vector by a scalar has the effect of rescaling a vector to
become shorter or longer, depending on the magnitude of the
scalar.

If the scalar is negative, then the vector also flips direction, in
addition to being rescaled by the magnitude of the scalar.

2.4 = (20, —200) 5 24 = (-5 -50)
<_47_8>
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Norm of a Vector

In two dimensions, a vector’s length, called its norm, can be
obtained using the Pythagorean theorem:

x

In general, the norm of a vector can be computed by extending the
Pythagorean theorem to higher dimensions.

[{(x1,29,...,2p)| = \/x%+x§+...+x%
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To see that this definition of the norm is compatible with the idea
that scalar multiplication rescales a vector, observe that the norm of
a scaled vector is equal to the product of the scalar and the norm of
the unscaled vector.

lc(x1, xa, ... xn)| = |{cx1,c220,. .., CTp)]|

= /(cx1)? + (cx9)? + ... + (cxp)?

= \/0237%+02x%+...+02x%

:\/CQ(x%+x%+...+x%)

=V 22+ a2 4. a2

=cl(x1,22,...,2pn)|

Algebra with Vectors

Lastly, expressions involving multiple vector operations follow the
standard rules of arithmetic, and equations involving vector
variables follow the standard rules of algebra.

2((3,2) — x) = (4,2)
2(3,2) — 2z = (4,2)
(6,4) — 2z = (4,2)
—2z = (4,2) — (6,4)
—23 = (—2,-2)
x = ! —2,-2)
2
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We can also use algebra to solve for unknown components of
vectors.

(3,2, 2)| = ‘5(6,6,4)‘
(3,2, 2) = 13,3, 2)]|
V32 422 402 = /32 4 32 4 22
VI+4+22=v9+9+4

V13 + 22 =22
13 4+ 22 = 22
?=9

T =23

Exercises

For each function, list the dimensionalities of the input space and
the output space.

D flz,y) = (z,y,2+y) 2)  flz)=2

3)  flz,y,2) =ayz
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4)  flz,y) = (xy, 2%y>, ..., a™y")
5) f(l’l,l'g,...,(l?m) = (.1’1+$2,$2+$3,...,3§m_1+$m)

r1+ax2+...+ @
m

6) f(th,...,mm,yl,yz,---,yn)=( m,\”/ywa-.-yn)

Perform the indicated vector operations.

D312 45 @42 8 4(1L,2-(32)

9) [(1,0,1,2,0)| + (0,0, —4,4, —8)|
10)  |(~1,1,0) — (~1,3,—2)|
11) [(1,2)] ((1,1,1,—-1) — (1,—1,1,1))

(12,4, 16,0, —5) + (3,1, -4, 5, —5)
|<Oa 37 _4>|

12)

Solve for the unknown variable.

13)  (1,2) 4= (4,7)
14) <1777 _37872> = <—2,8,0,.’13,3> - <_3a173a6a 1>

15)  (3,2)| (1,2,3) = (5,10, 15)
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16) (z+1,2—1,3)+(0,1,2) = (-1,
17)  3(x+(1,-1,1,-1)) =2z

18)  [(z,z,z)+ (—1,0,1)] =2

~2,5)

23
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1.2 Dot Product and Cross Product

We know how to multiply a vector by a scalar, but what does it
mean to multiply a vector by another vector?

The two most common interpretations of vector multiplication are
the dot product, and for vectors in 3 dimensions, the cross product.

Dot Product

The dot product is computed as the sum of products of
components.

(T1, 22, ..., Tn) - (Y1,Y2,- -, Yn) = T1Y1 + T2Y2 + ... + TnYn

First of all, notice that the dot product of a vector with itself is just
the vector’s norm, squared.

(1,29, xn) - (T1,2Z2,...,2Tp)

2 2 2
=x]tzy+...+x,

2
= (\/ZE%—}—CL‘%—}——{—J?%)

= |(z1, 29, ..., zn)|?

Also notice that the dot product can distribute over sums of vectors,
just like multiplication.
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(1,22, yxn) - ((Y1,¥2y -« -, Un) + (21,22, -+, 2n))

= (x1,22,...,Tn) - (Y1 +21,¥2+ 22, .-, Yn + 2n))
=z1(y1 +21) +z2(y2 + 22) + ... + zp(yn + 2n)

=z1y1 + 2121 + X2y2 + X222 + ... + TpYn + Tn2p

= (z1y1 + Toy2 + ... + Tpyn) + (121 + X220 + ... + Tpzn)

= (x1, @2, @n) (Y1, Y2, Yn) + (@1, 22, Tn) - (21,22, 2n)

One can also verify that the dot product behaves like multiplication
in other ways -- for example for two vectors * = (T1,22, ..., Tp)
and ¥ = (¥1,%2, -+ -, Yn) and any scalar ¢ we have
(cx) - y=a-(y)=c(@ Y andr-y=y-=,

Geometric Interpretation of Dot Product

Using the law of cosines on a triangle whose sides are formed by the
vectors =, ¥, and T — ¥, we can find a geometric interpretation of
the dot product:

7y = felly| cosb,

where 6 is the angle between the two vectors = and ¥.
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|z —y|* = |=* + [y|* — 2|z||y| cos O
(z—y)-(x—y) = |z + [y|* - 2|z||y| cos O
veox—z-y—y-z+y-y=z*+y* - 2z[|y| cosf
2> = 2z -y + |y* = [a]* + |y|* — 2|a||y| cos O
—2x -y = —2|z||y| cos O
2y = |ally| cos6

One interesting consequence of this formula is that perpendicular
vectors have a dot product of zero: the angle between

perpendicular vectors is %, and |[|y[ cos § = |z[[y[(0) =0
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Even if the dot product is not zero, we can still use it to compute the
angle between the two vectors.

-y = |z|ly| cosd

|||y

()
arccos | —= | =6
||yl

Cross Product

= cos 6

For 3-dimensional vectors, we also have another interpretation of
vector multiplication called the cross product. The cross product is
given by

(1,2, 23) X (Y1, Y2, Y3)

= (Ta2ys — T3Y2, T3Y1 — T1Y3, T1Y2 — T2Y1).

Using the above definition, one can verify that the cross product

distributes over sums and satisfies (cx) xy=xx (cy) = c(x X y)

for any scalar c.

However, when the two vectors in a cross product are interchanged,
the result changes sign: * X ¥y = —y X & This is a key difference
between the cross product and the dot product.
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Geometric Interpretation of Cross Product

Like the dot product, the cross product also has a geometric
interpretation:

|z x y| = |z|[y| sin 6

This is similar to the geometric interpretation of the dot product,
except we have sin 6 instead of cos, and we are talking about the
norm of the vector resulting from the cross product.

As a result, the cross product X ¥ represents a vector whose norm
is equal to the area enclosed by the parallelogram that has x and ¥
as sides. Moreover, the cross product produces a vector that is
perpendicular to the vectors « and ¥.

T Xy

area = |z X y|

To see that the cross product * X ¥ is perpendicular to x and ¥,

observe that the dot products (zXY) 2 and (T X Y)Y both
evaluate to 0.
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((z1, 22, 23) X (y1,Y2,¥3)) - (T1, T2, 23)
= <l‘2y3 — X3Y2,T3Y1 — T1Y3,T1Y2 — 3721/1) ) (371@2, fc3>
= x1(x2y3 — T3y2) + T2(z3y1 — T1Y3) + z3(T1Y2 — T2y1)

= T1X2Y3 — T1X3Y2 + T2X3Y1 — T1T2Y3 + T1T3Y2 — T2T3Y1
=0

((w1, 22, 23) X (Y1,92,¥3)) - (Y1, Y2, ¥3)
= (Tay3 — x3Y2, T3Y1 — T1Y3, T1Y2 — T2Y1) - (Y1, Y2, Y3)
= y1(x2y3 — x3y2) + y2(x3y1 — x1y3) + y3(x1y2 — T2y1)

= T2Y1Y3 — T3Y1Y2 + T3Y1Y2 — T1Y2Y3 + T1Y2Y3 — T2Y1Y3
=0

To understand why |z x y| = |z |y| sin9' we can begin by squaring

both sides of the equation and expressing the right-hand side using
the dot product.

& x y|* = x| [y[* sin* 0

|2 |y\2 (1 — cos? 0)

= |2[*|y[* — |2[* |y|* cos® 0
= |z [y|” = (z - y)?

:‘x

Now, we expand out the right hand side using ¥ = (z1,72,23) and

Y = (Y1, Y2:Y3). We find that some terms cancel, and the remaining

terms can be rearranged into the square of the norm of the cross
product.
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(l"% + a5+ x%) (Z/% + 3+ y%) — (z1y1 + 22y + €E3y3)2

23yt + 21y3 + 23y3 1Y + T12T2Y1Y2 + T1T3Y1Y3
= | 23y + 2393 + 23y3 | — | +a1m2y1ye + 23Y3 + Tax3y0y3
237 + 233 + 2393 +2123Y1Y3 + T2T3Y2Y3 + T3Y3

= 23y3 + ¥3Y5 — 22223y2y3 + T3YT + Y5 — 221739193
+ 235 + 3YT — 23172190

= (z2ys — z3y2)” + (w3y1 — 21y3)° + (212 — 2231)”

= [z x y)|”

Exercises
Evaluate the following vector expressions.

1) (1,2,4)(—1,-2,3)

2)  (2,-2,3,3)-(~1,1,1,~1)
3) 2(2,3) % (3,-2)

)5 L4,-2)-((3,3,1) - (1,3,3))

5 (=2,1,0) x (—2,3,0)
6) (3,1,5) x (2,—2,—1)

7 (1,1,2) x ((2,4,6) — (1,4,7))
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8) %(1,0,2) x (1,1,1) x (0,0, 3)

Solve for x.

9 (2,1,2)-(1,2,2) = —4

10)  (z,1)-((1,1) — (1,z)) =1

1)  (z,-1,0,1)- (2,0,5,7) = 16

12)  (1,2,3) x (1,2,3) = (—6,0,2)

13)  (1,1,1) x ((2,1,-2) + (z,1,1)) = (=3,2,1)

14) % (3,1,—2) x ((0,z,0) — (1,0,2)) = (2,4,5)

Use the dot product to find the angle 6 between the two vectors.

15)  (1,1) 16)  (—2,3,1)
(1,2) (0,1,-1)
17)  (2,0,3,—1) 18)  (2,0,—1,0,2)

(1,1,0,2) (—1,2,3,0,0)
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Use the cross product to find the area contained by each
parallelogram whose sides are given as vectors.

19)  (2,-1,0) 20)  (1,2,3)
(4,1,0) (3,2,1)
21)  (1,0,1) 22)  (3,-3,1)

(1,1,1) (—4,1,-2)
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1.3 Lines and Planes

A line starts at an initial point and proceeds straight in a constant
direction. Thus, we can write the equation of a line as

z(t)=mt+b
where
o b={(b1,b2,...,bN) is the initial point,
e M= (my,ma,...,MN) s the constant direction in which

the line travels, and
o z(t) = (z1(t),22(1),....,2N(?)) is the point reached by
traveling t units away from b in the direction of m.

(Though z(t) is actually a vector, we can also refer to it as the point
where the vector lands when the vector is placed at the origin.)

origin
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Finding the Equation of a Line

For example, to compute the line between the points (1,2,3,4)

and (5 =2,3,7) in 4-dimensional space, we can start by computing
the direction m as the difference between the two points:

m=(5,-2,3,7) — (1,2,3,4)
= (4,—4,0,3)

Taking b=(1,2,3,4) as our initial point, then, we can express the
line as

a(t) = (4,—4,0,3)t + (1,2,3,4)

If we wanted to find another point on the line, we could substitute
another value for ¢, say, t = —2.

z(2) = (4,-4,0,3) (—2) + (1,2,3,4)
(—8,8,0,—6) + (1,2,3,4)
(—7,10,3,-2)

Checking Whether a Point is on a Line

If we wanted to check whether the point (=1,-2,-3,—4) is on the

line, we could substitute this point for z(t) and try to solve for ¢.


https://www.codecogs.com/eqnedit.php?latex=t%0

Justin Skycak | Linear Algebra 37

(—1,-2,—3,—4) = (4,-4,0,3) t + (1,2,3,4)
(—1,-2,-3,—4) — (1,2,3,4) = (4,—4,0,3) t
<_27 _47 _65 _8> = <47 _45 07 3> 13

Setting first components equal, we find —2 = 4¢, which implies that

_ 1
t=—3 But equating second components yields —4 = —4¢, which
implies that ¢ = 1. So, there is no solution that matches all pairs of

components, and consequently the point (=1,-2,-3,~4) is not
on the line.

However, we can verify that the point (9> —6,3,10) is on the line
using the same method.

(9,—6,3,10) = (4, —4,0,3) t + (1,2,3,4)
(9,-6,3,10) — (1,2,3,4) = (4,—4,0,3) t
(8,—8,0,6) = (4,—4,0,3) ¢

Equating first components yields 8 = 4¢ which is valid for ¢t = 2;
equating second components yields —8 = —4¢ which is also valid
for t = 2; equating third components yields 0 = 0 which is valid for
all choices of t¢; and equating fourth components yields 6 = 3¢
which is also valid for ¢ = 2. Thus the point (9,-6,3,10) is on the

line because it is simply z(t) evaluated at ¢ = 2.

The Equation of a Plane

Now, let’s talk about how to write the equation of a plane in
N-dimensional space. A plane can be visualized as a flat sheet that


https://www.codecogs.com/eqnedit.php?latex=%5Cbegin%7Balign*%7D%20%5Cleft%3C%209%2C-6%2C3%2C10%20%5Cright%3E%20%26%3D%20%5Cleft%3C%204%2C-4%2C0%2C3%20%5Cright%3Et%20%2B%20%5Cleft%3C%201%2C2%2C3%2C4%20%5Cright%3E%20%5C%5C%20%5Cleft%3C%209%2C-6%2C3%2C10%20%5Cright%3E%20-%20%5Cleft%3C%201%2C2%2C3%2C4%20%5Cright%3E%20%20%26%3D%20%5Cleft%3C%204%2C-4%2C0%2C3%20%5Cright%3Et%20%5C%5C%20%5Cleft%3C%208%2C-8%2C0%2C6%20%5Cright%3E%20%20%26%3D%20%5Cleft%3C%204%2C-4%2C0%2C3%20%5Cright%3Et%20%5Cend%7Balign*%7D%0
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makes a right angle with some particular vector. Thus, a plane just
consists of all vectors through some point in the plane, that are
perpendicular to a single vector.

If Zo is a point in the plane, then the vectors in the plane can be
written ® — ®o, where x represents other points on the plane.
These vectors are all perpendicular to a single vector, call it a, so

their dot product must be zero: @ * (z —20) =0,

-

origin

Distributing the dot product, we have @ - —a-xo = 0, and
rearranging we have a - £ = a - Zo. The right-hand side a@ - Zo is just
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a constant, so we can simply call it £. Thus, we have the general
equation for a plane:

a-r==%

Here, a is a vector that is perpendicular to the plane, x are points
on the plane, and % is some constant. Writing @ = (a1,a2,...,anN)

and T = (71,72, ... 71N>, we can expand out the general equation
for a plane into an equation consisting only of scalars:

a1xr1 +asxs + ... +anxny =k

Finding a Plane Given a Point and
Perpendicular Vector

For example, to compute the plane that passes through the point

(5,3,1) and has a perpendicular vector of (1,-1, 2>, we can start
by setting up the equation with the perpendicular vector
substituted.

(1,-1,2y -z =k

To solve for k£, we can simply substitute the point (5,3,1) for 2 and
take the dot product.

(1,-1,2) - (5,3,1)
1(5) — 1(3) +2(1)
4

k
k
k
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Then, we can substitute for £ and expand out the dot product in the
initial equation.

(1,-1,2) -z =14
<1a _152> : <$1,$2,(L’3> =4
] — 22+ 213 =4

Now, suppose we have an equation for a plane, and we want to find
the perpendicular vector.

201 — bz +3 =10 — a3 + x4

To do this, we can simply organize the equation and convert it to the
vector equation of the plane, using the dot product.

2x1 —bxo+3 =10 — a3+ 24
201 —Dxo t+x3 — 24 =7
(2,-5,1,—1) - (x1, 22,3, 24) = 7
(2,-5,1,-1) -z =7

The perpendicular vector is just the first vector in the dot product,

<27 _57 15 _1>

Finding a Plane Given Three Points

Lastly, suppose that we want to find the equation of the plane that
contains the three points (1,2,3), (5,4, —1) and (—2,3,0),
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To start off, we can find two vectors within the plane by starting at

one of the points, say (1,2, 3), and computing the displacement
vectors to the other two points:

(5,4,—1) — (1,2,3) = (4,2, —4)
(—2,3,0) — (1,2,3) = (—3,1, —3)

These displacement vectors are within the plane, so if we can find a
vector that is perpendicular to these displacement vectors, then we
will have a vector that is normal to the plane.

Since these displacement vectors are 3-dimensional, we can
compute their cross product, which yields a perpendicular vector.

(4,2, —4) x (—3,1,—3)

2(=3) = (=4)(1), —4(=3) — 4(=3),4(1) — 2(-3))
—2,24,10)

o~ o~

(—2,24,10)

(—3,1,-3)

(1,2,3)

Using this vector as the normal vector of the plane, the equation of
the plane becomes

—2x+4+ 24y + 10z =k
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for some constant k. To find the value of &, we can simply

substitute one of the points in the plane, say, (1,2,3),

—2(1) +24(2) + 10(3) = k
76 =k

Thus, the equation of the plane is

—2x + 24y + 10z = 76

which can be simplified to

—x + 12y + 52 = 38,

Looking back, we could have saved some work by using the vector
(2,1, —2) instead of the displacement vector (4: 2, —4), since

(2,1, —2) follows the same direction (it’s just half as long).

The normal vector resulting from the cross product would then have

been (—1,12, 5), which is the normal vector in the fully simplified
equation of the plane.

(The vector (=1,12,5) points in the same direction as the original

normal vector {(—2, 24, 10>; it’s just half as long.)
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Exercises

Compute the equation of the line that passes through the given
points.

1) (1,2,3) 2)  (1,-1,2,-2)
(37 27 1) (07 la 47 _3)

3) (-5,—-1,2,1,3) 4) (1,0,-3,-3,0,1)
(474727270) (3717_1707270)

Check whether the given point P is on the given line. If so,

determine the value of ¢ for which x(t) =P,
5)  P(5,10,5)
w(t) = (1,4,1) + (2,3,2)t

6) P(2,7,16,0)
(t) = <27 —17 Ov 3> + <07 17 25 5> 3

8

7y  P(5,6,7,8,9)
z(t) = (1,2,3,4,5) + (5,4,3,2,1) ¢

8) P(-2,3,-9,9,—13,12)
z(t) =(3,-2,1,-1,2,-3) + (-1,1,-2,2,-3,3) ¢
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Write the equation of the plane that contains the given point P and
is perpendicular to the given normal vector ..

9)  P(0,0,0) 10) P(1,-1,2)
n=(1,2,3) n=(2,-21)

11)  P(3,0,2,1) 12)  P(1,0,1,0,1)
n=(4,—-2,0,-5) n=(1,-2,-3,2,—1)

Write the equation of the plane that contains the three given points.

13)  (0,0,0) 14)  (1,3,-5)
(0,1,1) (2,-1,2)
(1,0,1) (1,1,1)

15)  (2,0,—1) 16) (5,1,1)
(—2,-3,—4) (0,3, —2)

(1,2,3) (0,1,1)
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1.4 Span, Subspaces, and Reduction

The span of a set of vectors consists of all vectors that can be made
by adding multiples of vectors in the set.

For example, the span of the set {(1,0),(0, 1)} is just the entirety
of the 2-dimensional plane: any vector (Z,Y) in this plane can be
made by adding ¥ (1,0) +y (0, 1) For instance, (5,=2) can be
written as 5 (1,0) —2(0, 1),

Similarly, the span of the set {1, 1), (-1, 1)} is also the entirety of

the 2-dimensional plane: any vector (Z,Y) in this plane can be made

T+ xr—
by adding (Ty) (1,1) + (Ty) (1, _1>. This is a little less obvious,

but it’s true: for example, <37 —7> can be written as
—-2(1,1) +5(1,-1)

The span of the set {(1,1), (2, 2)]’, however, is just a 1-dimensional
line within the 2-dimensional plane: it contains only vectors of the

form & (1, 1>, where k is a constant. To see why this is, observe
what happens when we try to add multiples of the vectors:

a(l,1) +b(2,2)
—a(1,1) +2b(1, 1)
— (a+2b) (1,1)

— k(1,1
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Subspaces of Two-Dimensional Space

The span of {{1,1),(2,2)} is a 1-dimensional line within the
2-dimensional plane. So, we say that the span forms a 1-dimensional
subspace of the 2-dimensional plane.

In 2 dimensions, it turns out that any set of two vectors that are
multiples of one another will span a line, and any set of two vectors
that are NOT multiples of one another will span the entire space.

For example, the set {(2,-3),(-4,6)} spans a line because
(=4,6) = —2(2,-3) 0On the other hand, the set {(7,4),(1,-2)}

spans the entire space because the vectors cannot be written as
multiples of each other.

But just because two vectors are multiples, doesn’t mean they can’t
be included in a set that spans the space. For example, the set
{(1,1),(2,2)} spans only a line, but if we add include a third
vector (1,2) that is not a multiple of the original two vectors, then
the set {(1,1),(2,2),(1,2)} spans the entire plane.

Subspaces of N-Dimensional Space

Now, let’s generalize these ideas to N dimensions. It might be
tempting to think that in general, a set of vectors will span the entire
space provided there are some three vectors that aren’t multiples of
one another. But this isn’t always true.
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For example, consider the set {(1,0,0),(0,1,0),(1,1,0)} None
of these vectors are multiples of each other, but there is no way to
combine the vectors to reach a point whose third component is not
zero.

The issue here is that the third vector is the sum of the first two
vectors. As a result, the third vector is redundant -- we can already
reach any point using the first two vectors, that we can reach using
the third vector. The set, then, has the same span as the set of just
the first two vectors. It covers just a plane, a 2-dimensional
subspace of 3-dimensional space.

3

The vectors span the plane 3 = 0, No matter how we combine
vectors, the third component will always be 0 -- so we cannot reach
any points above or below the plane, by adding multiples of vectors
in the set.
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Independence

In general, the dimension of the span of a set of vectors is equal to
the number of independent vectors that remain after we remove
the dependent vectors. A vector is said to be dependent if it can be
written as a sum of multiples of other vectors in the set.

The labeling of vectors as independent or dependent depends on
the order in which the vectors are considered, but regardless of
order, removing all dependent vectors will leave the same number
of independent vectors, even if the independent vectors themselves
are different for different orders.

For example, in the set {(17 0, 0> ,(0,1,0), <1, L, 0>} we can start
by looking at the first vector, (1,0,0). This vector is dependent since
it can be produced by subtracting the other two vectors:

(1,0,0) = (1,1,0) — (0, 1,0), Removing this vector from the set
yields the reduced set {<07 1,0), <1, L, 0>}, which contains two
independent vectors and thus cannot be reduced any further.

Since the fully reduced set has two independent vectors, it spans a
2-dimensional plane, and since the original set has the same span as
the reduced set, the original set also spans the same 2-dimensional
plane.

Alternatively, beginning with the original set
{(1,0,0),(0,1,0),(1,1,0)} we can start by looking at the second
vector, (0,1,0). This vector is dependent since it can be produced
by subtracting the other two vectors: (0,1,0) = (1,1,0) — (1,0,0),
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Removing this vector from the set yields the reduced set

{(1,0,0), (1,1, 0>}, which contains two independent vectors and
thus cannot be reduced any further.

Again, since the fully reduced set has two independent vectors, it
spans a 2-dimensional plane, and since the original set has the same
span as the reduced set, the original set also spans the same
2-dimensional plane.

The last alternative, beginning with the original set
{(1,0,0),(0,1,0), (1,1, 0>}, is to start by looking at the third
vector, (1,1,0) This vector is dependent since it can be produced
by adding the other two vectors: (1, 1,0) = (0,1,0) + (1,1,0),
Removing this vector from the set yields the reduced set

{(1,0,0), 0,1, 0>}, which contains two independent vectors and
thus cannot be reduced any further.

Again, since the fully reduced set has two independent vectors, it
spans a 2-dimensional plane, and since the original set has the same
span as the reduced set, the original set also spans the same
2-dimensional plane.

Maximum Number of Independent Vectors

Since the number of independent vectors in a set tells us the
dimension of the span of that set, we can make the general
conclusion that a set of N-dimensional vectors can have at most N
independent vectors.
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The N-dimensional vectors reside in N-dimensional space, so the
largest space they can possibly span is their full N-dimensional
space. Consequently, it’s not possible for the set of vectors to
contain more than N independent vectors -- otherwise, they would
need to span a space of more than N dimensions.

For example, consider the following set of vectors:
{<1> 1> ’ <1> _2> ’ <—3’ 1) ’ <27 3>}

Looking at the first two vectors (1,1) and (1, _2>, we see that these
two vectors are independent since they are not multiples of each
other. As a result, the span of the vectors must have a dimension of
at least 2.

But the vectors reside in 2-dimensional space, so their span is
limited to at most 2 dimensions. Thus, we can conclude that the set
of vectors spans exactly 2 dimensions, and that the third and fourth
vectors in the set must be dependent, without even needing to
check whether they can be written as sums of multiples of the first
two vectors.

Now, consider the following set of vectors:

(1,—-1,1,2)
(2,0,4,2)
(—1,3,3,2)

(3,—4,1,4)
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We can tell the first two vectors (1, —1,1,2) and (2,04, 2) are
independent since they aren’t multiples of each other, but it’s

harder to see whether the remaining two vectors (—1,3,3,2) and

(3,—4,1,4) are independent because we also have to make sure
they can’t be written as sums of multiples of other vectors in the
set.

Reduction

To make it easier for us to tell whether these vectors are
independent, we can reduce the set of vectors to a simpler set with
the same span, by adding multiples of vectors from each other.

To begin the process of reduction, we can add multiples of the first
vector to the other vectors so that we eliminate the first component
from each of the other vectors.
e The second vector has a first component of 2, so we can
eliminate it by adding —2 times the first vector.
e The third vector has a first component of —1, so we can
eliminate it by adding 1 times the first vector.
e The fourth vector has a first component of 3, so we can
eliminate it by adding —3 times the first vector.

(1,-1,1,2)
(2,0,4,2) —2(1,-1,1,2)
(-1,3,3,2) +1(1,—1,1,2)
(3,—4,1,4) —3(1,—-1,1,2)
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The resulting set of vectors is shown below.

(1,-1,1,2)
(0,2,2,—2)
(0,2,4,4)
(0,—1,-2,—2)

Since we only added multiples of vectors, we haven’t changed the
span at all. But now all of the first components are zero EXCEPT for
the first component in the first vector, so we can see that the first
vector cannot be written as a sum of other vectors in the set. All the
other vectors have zero in their first component, so every time we
add multiples of them, the result will still have zero in the first
component.

To check whether the second vector is independent, we can add
multiples of the second vector to the remaining vectors to eliminate
their second components.

But to make this easier, we can start by rescaling (i.e. multiplying)
the second vector to have a second component of 1. Its second
component is currently 2, so to convert 2 to 1, we need to multiply

1
by 2.

(1,—1,1,2)
% <07 25 25 _2>
0,2,4,4)
(0,-1,-2,—2)
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(1,-1,1,2)
(0,1,1,-1)
<7 ) 74>
<07_]-7_27_2>

Now, we can add multiples of the second vector to the third and
fourth vectors so that we eliminate their second components.
e The third vector has a second component of 2, so we can
eliminate it by adding —2 times the second vector.
e The fourth vector has a second component of —1, so we can
eliminate it by adding 1 times the second vector.

(1,-1,1,2)
(0,1,1,-1)

(0, 244> 2(0,1,1,-1)
0,-1,-2,-2)+1(0,1,1,—-1)
(1,-1,1,2)
(0,1,1,-1)
< Y ’276>
(0,0, -1, —3)

Clearly, the second vector cannot be written as a sum of multiples
including the first vector, since including the first vector would cause
the first component to become nonzero. And the second vector
cannot be written as a sum of multiples of the third and fourth
vectors, either, because no combination of them can produce a
nonzero second component. So the second vector must be
independent.



54 Justin Skycak | Linear Algebra

To determine whether the third and fourth vectors are independent,
we can repeat the usual process once more. First, we’ll rescale the

1
third vector by 2 so that its first component is 1.

(1,—1,1,2)
(0,1,1,-1)
(0 ,0,2,6>
(0,0,—1,-3)
The result is shown below.
(1,-1,1,2)
(0,1,1,-1)
(0,0,1,3)
(0,0,—1,-3)

The fourth vector has a third component of —1, so we can eliminate
it by adding 1 times the third vector.

(1,-1,1,2)
(0, 1 1 ~1)
< 7 ’ ’ >

1

(0,0,—1,-3) +1(0,0,1,3)

Our final result is shown below.

(1,-1,1,2)

(0,1,1,-1)
(0,0,1,3)
(0,0,0,0)
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We see that the first three vectors are independent, whereas the
fourth vector is dependent since it is a multiple of every vector in
the set (you can multiply any other vector by 0 to obtain the fourth
vector). As a result, our set spans a 3-dimensional subspace of
4-dimensional space.

Exercises

Tell the dimension of the span of the set of vectors.

) {(1,1),(2,0)} 2) {{1,1),(2,2)}
3 {(1L,1),(2,0),(3,2)} 4) {{1,2,3),3,2,1)}
5) 6)
(1,2,3) (1,2,3)
{<3,2,1> (3,2,1)
(1,0,0) (1,1,1)
7) 8)
(1,1,1) (1,0,—1)
{<1’1>1> <1,0, 1>
(2,2,2) (0,1,1)
9) 10)
(1,1,0) (1,2,1,0)
(0,1,1) (4,3,3,1)
(1,0,1) (3,4,3,3)
(0,1,0) (4,0,0,0)
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1.5 Elimination as Vector Reduction

Recall that systems of linear equations can be solved through
elimination, multiplying equations by constants and adding
equations to each other to cancel variables.

For example, to solve the following linear system

r+2y+3z=2
—r—y—2z=1
2r+4y+T72=5

we can start by adding the first equation to the second equation and
subtracting two times the first equation from the third equation.

x4+ 2y+ 3z =2
(—x—y—2z=1)+(r+2y+32=2)
2x+4y +T2=5)—2(x +2y + 32 = 2)

z+2y+3z=2
(—x—y—22)+ (x+2y+32)=1+2
2 +4y+72z) —2(x + 2y + 32) =5 — 2(2)

r+2y+32=2
y+z=3

z=1
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Then, starting with 2 = 1, we can back-substitute to solve for each
of the variables:

z=1 y+z=3 T+2y+3z2=2

y+1=3 x+2(2)+3(1) =

y=2 r+7=2
r=-5

We reach the final solution z = —5, ¥ =2, and z = 1.

Interpreting Elimination as Vector Reduction

In light of the previous chapter, elimination can also be interpreted
as vector reduction.

First, we can interpret the linear system itself as a set of vectors,
consisting of the coefficients and constants.

r +2y +3z =2 (1,2,3,2)
—r -y -2z =1 —<(-1,-1,-2,1)
20 44y +7z =5 (2,4,7,5)

Then, to reduce the set of vectors, we can add the first equation to
the second equation, and subtract two of the first equation from the
third equation.
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(1,2,3,2)
(—=1,-1,-2,1) + (1,2,3,2)
(2,4,7,5) — 2(1,2,3,2)

Then, we can convert the set of vectors back into equations that can
be solved in the same way via back-substitution.

(1,2,3,2) r +2y +3z =2
(0,1,1,3) p — Yy +z =3
(0,0,1,1) z =1

The big geometric insight here is that the space of linear equations
is actually a vector space.

This occurs because we’re allowed to add/subtract multiples of the
equations. The particular linear equations in our system span a
subspace of this vector space, and reducing the vectors allows us to
simplify the system while maintaining the original span.



60 Justin Skycak | Linear Algebra

r+2y+3z2=2 (1,2,3,2)
—r—y—2z=1 VEEEEN <_1?_7_271>
21’+4y+72:5 <2747775>

! N % '
L . spanning .
elimination reduction
subspace
{ a N 4
r+2y+32=2 (1,2,3,2)
y+Z:3 <—> <0717173>
=1 (0,0,1,1)

Thinking of linear equations in terms of vectors can sometimes yield
additional insight. For example, notice that for a system of linear
equations to have a single solution, the vectors must be reducible to
the following form:

In other words, the vectors must span all components except the
last. For a system of linear equations in n variables, the vectors
consist of n 4+ 1 components: the first n components correspond to
variable coefficients, and the last component corresponds to the
constant.
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As a result, for a system of linear equations in n variables to have a

single solution, at least n equations are required.

Exercises

Solve the following systems.

1)

20+ 3y =1
z+y=1

r+2y—z=2
20 +y+2="7
T+y—2z=-3

r+22=3
r+y==6
y—z=4

w+r—y—z=4
20—z =1
r+y+z=4
r+2z=5

z—2y=-1
20—y =17

3r—4y+2=28
3xr+y=>5
y+z=-3

—x+ 5y =—7
3x + 3z =15
z+y+z=4

Jw+2x+y=-5
3x+2y+2z=-2
w+2y+3z=1

w—r—y—z=-—1
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Part 2
Volume
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2.1 N-Dimensional Volume Formula

N-dimensional volume generalizes the idea of the space occupied by
an object:

e 1-dimensional volume refers to the space occupied by a
1-dimensional object, such as the length of a line segment.

e 2-dimensional volume refers to the space occupied by a
2-dimensional object, such as the area of a square.

e 3-dimensional volume is what we normally mean by the word
“volume” -- the amount of space occupied by a 3-dimensional
object, such as the volume of a cube.

Continuing this pattern, we can infer that 4-dimensional volume
refers to the space occupied by a 4-dimensional object. It’s harder to
come up with an example, though, since it’s difficult to visualize
shapes in 4 and higher dimensions.

Volume Enclosed by N-Dimensional Vectors

However, it becomes easier if we think about N-dimensional volume
as being enclosed by N-dimensional vectors.
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The length of a unit line segment can be interpreted as the space

enclosed by the 1-dimensional unit vector (1),

(1)

I > I

The area of a unit square can be interpreted as the space enclosed

by the two 2-dimensional vectors (1,0) and (0,1).

x2

(0,1)

The volume of a unit cube can be interpreted as the space enclosed

by the three 3-dimensional unit vectors: (1,0, 0>, (0,1, 0>, and
(0,0,1)
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3

x

Continuing this pattern, the volume of a unit 4-dimensional cube
can be interpreted as the space enclosed by the four 4-dimensional

unit vectors: (1,0, 070), (0,1,0, O>, (0,0,1, O>, and (0,0,0,1),

This is harder to draw, but it gives us a general way to think about
volume in N dimensions. The volume of a unit N-dimensional cube
can be interpreted as the space enclosed by the N N-dimensional
unit vectors:

<170)07" 707 >
<071707" ) 7O>
<070)07” 71
<070707" 707



68 Justin Skycak | Linear Algebra

Volume of a Parallelogram

Given an object whose sides are perpendicular unit vectors, it’s easy
to see that the volume of the object is 1, since the distance of the
object in each perpendicular dimension is 1.

But it’s difficult when the vectors are not perpendicular. For
example, how would we compute the area of the parallelogram

enclosed by the vectors (4,1) and (2,3)7

€2

(2,3)

Remember, the area of a parallelogram enclosed by two
3-dimensional vectors is just the magnitude of their cross product.

Although the vectors (4,1) and (2,3) are 2-dimensional, we can

interpret them as the 3-dimensional vectors (4,1,0) and (2,3.,0) jn
the 122 plane.
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3

Z2
(4,1,0) \ (2,3,0)

Z1

Taking the magnitude of the cross product, we find that the area of
the parallelogram is 10.

|(4,1,0) x (2,3,0)| = [(0,0,10)| = 10

Volume of a Parallelepiped

We can also use the cross product as a starting point to find the
volume of a parallelepiped enclosed by three 3-dimensional vectors
x,Y,and z.

The cross product of two of the vectors, say ¥ X z, gives a vector
whose magnitude is the area of a face of the parallelepiped, and
which points in the direction perpendicular to the face.

The height of the parallelepiped, then, is the length of the remaining
vector x in the direction of ¥ X 2,
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Thus, the volume can be obtained using the dot product:
x-(y X 2)

This result is known as the triple product.

1

1

y x z - AT
1

That being said, the triple product may come out negative,
depending on the order of the vectors in the cross product. So, to
compute the volume, we have to take the absolute value of the final
result. A simple example for the unit cube is shown below.

1(1,0,0) - ((0,0,1) x (0,1,0))]
= [(1,0,0) - (—1,0,0)]

—|-1]

=1
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N-Dimensional Volume Formula

Now that we know general methods to compute volume enclosed
by 2-dimensional and 3-dimensional vectors, how do we extend this
to 4-dimensional vectors?

If we rewrite the 3-dimensional volume formula in terms of the
2-dimensional volume formula, a pattern jumps out at us.

To start, let’s write down the 2-dimensional volume formula for two
vectors T1 = (Z11,Z12) and T2 = (T21, T22),

v (22?23) = [(z11, 212, 0) X (321, 722, 0)|

= [(0,0, x11222 — T12221)]

= |x11222 — T12721|

However, in order to make the pattern clear, we will leave off the
absolute value sign, thereby permitting “signed” volume.

x X
Vv (Exi’x;j) = T11T22 — T12721
b

In 2 dimensions, the volume is traced out from the first vector

z1 = (211, 712) to the second vector T2 = (Z21, $22>, and the sign
of the volume just tells us whether the tracing occurs
counterclockwise (positive) or clockwise (negative). Intuitively, this
convention matches that which is used for tracing out positive or
negative angles in the unit circle.


https://www.codecogs.com/eqnedit.php?latex=%5Cbegin%7Balign*%7D%20V%20%5Cbegin%7Bpmatrix%7D%20%5Cleft%3C%20x_%7B11%7D%2C%20x_%7B12%7D%20%5Cright%3E%20%5C%5C%20%5Cleft%3C%20x_%7B21%7D%2C%20x_%7B22%7D%20%5Cright%3E%20%5Cend%7Bpmatrix%7D%20%26%3D%20%5Cleft%7C%20%5Cleft%3C%20x_%7B11%7D%2C%20x_%7B12%7D%2C%200%20%5Cright%3E%20%5Ctimes%20%5Cleft%3C%20x_%7B21%7D%2C%20x_%7B22%7D%2C%200%20%5Cright%3E%20%5Cright%7C%20%5C%5C%20%26%3D%20%5Cleft%7C%20%5Cleft%3C%200%2C0%2Cx_%7B11%7Dx_%7B22%7D%20-%20x_%7B12%7Dx_%7B21%7D%20%5Cright%3E%20%5Cright%7C%20%5C%5C%20%26%3D%20%5Cleft%7C%20x_%7B11%7Dx_%7B22%7D%20-%20x_%7B12%7Dx_%7B21%7D%20%5Cright%7C%20%5Cend%7Balign*%7D%0
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Now, let’s write down the 3-dimensional volume formula for 3
vectors T1 = <3311a551275513>, €T2 = <$21,$22,l’23>, and

x3 = (31, T32, 9533>, again leaving off the absolute value sign and
thereby permitting “signed” volume. (The meaning of “signed”
volume in 3 dimensions will be addressed later.)

(w11, 212, T13)
V| (w21, 222, T23) | = (w11, 212, %13) - ({21, T22, T23) X (231, 32, T33))
(w31, 232, T33)

= (z11, 712, 713) - ((T22033 — T23W32, T23T31 — T21T33, Ta1T32 — T22731))
<$22a$23>> (<I23,$21>> <<I21,51722>) >
= (211,212, 213) - (V 1% |4
(o1, @12, 213) < <<$327133> T sz, as1)) 7 (w31, T32)

To ease notation, we define another volume function Vi that also
computes volumes of vectors, but first re-indexes the vectors by
removing the k™ component and moving entries after the k™
component to the beginning of the vector. This way, the
3-dimensional volume formula can be simplified to

1
Vi) e () e () e ()
. T3 T3 T3

Using this form, we can guess at an N-dimensional volume formula:

T
o €2 T2 z2
I~ €3 x3 x3
|4 3 =y Vl . 7‘/2 . 7"'5VN
TN TN TN

IN
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Sanity Checks

Let’s test out this formula on a simple case: the 4-dimensional unit

cube, which is enclosed by the vectors £1 = (1,0,0, 0>,
x9 = (0, 1,0,0>, x3 = (0,0, 1,0>, and 24 = (0,0,0,1)

Tl
) x2 2 2
)
V - :901'<V1 x3 | Vo las |, V3 |@3 |, ,Val a3 >
T4 x4 T4 x4
T4

T2 ) ) T2
= <1707070> : <V1 x3 7‘/2 x3 7‘/3 x3 ,V;; 3 >
T4 T4 T4 T4

Z2

=V |3
T4

= (1,0,0) - ((0,1,0) x (0,0, 1))
= (1,0,0) - (1,0,0)

=1
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Now we’re reaching the point where it’s hard to actually “see”
what’s happening. But the math shows us a pattern, the pattern
matches our intuition on a simple case, and given that
3-dimensional volume is the sum of multiples of 2-dimensional
volumes, it seems plausible that N-dimensional volume could be the
sum of multiples of (N-1)-dimensional volumes.

Moreover, the volume formula matches our intuition when we
rescale a vector. Intuitively, rescaling a vector should have the effect

of rescaling the volume: for example, if we double the length of one
of the sides of a parallelogram, the area should double.

2

I
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Likewise, if we double the length of one of the sides of a
parallelepiped, then the volume should double.

More generally, if we rescale a single vector by a factor r, then the
volume should also be rescaled by a factor 7. Indeed, this is the
case with our formula.

rT1
€2 €2 €2
x2
€3 x3 €3
Vv x3 :T':L‘l'<‘/l . 7V2 . 7"'7VN . >
TN TN TN
TN
z2 Z2 x2
xr3 z3 €3
=Tr| - ‘/1 . 7% . PRI VN .
TN TN TN
x1
€2

= ’["V x3
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Of course, we have only shown that rescaling the first vector
rescales the volume. However, we can use this fact to show that
rescaling the second vector also rescales the volume.

x7

Iy I rITo
TITo
€3 x3 x3
|4 x3 =x Vl ) VYZ ; ) VN
TN TN TN
TN
Z2 Z2 z2
€3 €3 x3
=T - ?”Vl . ,TVQ . ,...,TVN .
TN TN TN
9 T T
x3 €3 €3
=T VYI . 7‘/2 . 7"'7VN .
TN TN TN
€2 €2 €2
x3 €3 €3
=Tr\|r Vvl ) V2 ) ) VN
TN TN TN
T
2
= TV x3
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We could keep on going, using similar arguments to show that
rescaling the 3rd, 4th, so on, and Nth vector have the same effect of
rescaling the volume.

Final Remarks

Unfortunately, this volume formula is unintuitive and unwieldy for
volume computations in high-dimensional space.

Soon, though, we will introduce a more intuitive concept called
shearing, which will lead us to an easier, more intuitive process of
computing high-dimensional volumes.

The volume formula presented in this chapter is still noteworthy,
though, because although shearing will provide us with a process for
computing volume, it won’t give us a formula for computing volume.

Exercises
Compute the N-dimensional unsigned volume V(z1,22,. .., 20)]
enclosed by the vectors Z1,2,...,Zn,

1) 2)
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Tl = <7, —3>
T2 = <27 _6>
z1 = (2,0,—1)
Tro = <3,4, 2>
x3 = (0,—1,2)
1 = <4,0, —5>
o = (—9,1,7)
x3 = (2,-5,4)

0,-2,3,1)

)_n

/\/\/\/\

,0)
,1 1)

’

r—tO

? 1727 2>
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2.2 Volume as the Determinant of a
Square Linear System

We have seen that the space of linear equations is actually a vector
space, and that the linear equations in any particular system span a
subspace of this vector space.

Linear Systems as Vector Equations

However, there is also another way to interpret linear systems in
terms of vectors: a linear system can be interpreted as a single
vector equation stating that some multiples of particular vectors
add up to another particular vector.

For example, we can write the system below as a vector equation by
interpreting each side of the equation as a vector:

z+2y+3z2=2
—r—y—2z=1
20 +4y+T72=5

T+ 2y + 3z 2
—rz—y—2z| =11
20 + 4y + 7z 5
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T 2y 3z 2
—z |+ |-y +|22]=|1
2x 4y Tz 5

1 2 3 2
—“l]lz+|-1]y+|-2]z=]1
2 4 7 )

This equation states that some multiples x, ¥, and z of the
coefficient vectors (1,-1, 2>, (2,1, 4>, and (3,-2,7) sum to the

constant vector (2, 1,5).

You might recall that we solved this system earlier using reduction,
and we found that the solutionwas z = —5, ¥ =2, and 2 = 1.
Now, we see that these are simply the multiples of the coefficient
vectors that sum to the constant vector.

() () (o () (2 ()

2

1

5
For the linear system to have a solution, there must be some
multiples of the coefficient vectors that add to the constant vector.
In other words, for the linear system to have a solution, the constant
vector must be in the span of the coefficient vectors.

Thinking about linear systems in terms of coefficient vectors can
provide useful intuition. For example, we can tell that the linear
system below has a solution because its coefficient vectors span the
full 2-dimensional plane.
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T4y + 22 = 5 1 1 2\ (5
r o+ 2 4+ 2 = -3 ‘”(1“’2”2_—3

Moreover, since there are 3 coefficient vectors spanning a
2-dimensional plane, there must be a dependent vector, so there
must be infinitely many solutions.

For example, (2,2)isa multiple of (1, 1>, so in any solution we can
increase z by some amount and decrease x by twice that amount
to yield another solution. Thus since * = 13,y = =8,z =0 s a
solution, sois * =11,y = —=8,z2=1 agnd =9,y = =8,z = 2,
and so on.

The Determinant

When there are exactly N coefficient vectors that form an
N-dimensional parallelepiped, we can also extend this intuition to
relate to the volume of the coefficient vectors. Such linear systems
are called square linear systems because they consist of N rows of
equations and N columns of variables. In a square system, the
volume of the coefficient vectors is called the determinant, because
it determines much about the solutions of the system.

When the determinant is nonzero, there is exactly one solution.
When the determinant is nonzero, the N coefficient vectors form a
parallelepiped that extends some nonzero amount in all N
dimensions, and consequently the coefficient vectors span the full
N-dimensional space, guaranteeing a solution.
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Moreover, the solution must be unique. For N vectors to span N
dimensions, the vectors must be independent -- meaning that no
vector can be written in terms of the others, and thus guaranteeing
that there is only one solution.

For example, the following linear system has a nonzero determinant,
and a single solution * =0,y =1,z =1,

r + y + 22 =3 1 1 2 3
r + v + z =2 = zxz|l]l4+yll]l+z|1]=1]2
r + 2y + 3z = 5 1 2 3 5

(1,1,1) 1,1,1
determinant = det | (1,1,2) | =V | (1,1,2) | =1
(2,1,3) 2,1,3

On the other hand, when the determinant is zero, there are either
no solutions or infinitely many solutions. When the determinant is
zero, the coefficient vectors form a parallelepiped that is flat in at
least one dimension, and consequently the coefficient vectors span
only a smaller subspace of N-dimensional space, which may or may
not contain the constant vector.

If the subspace does not contain the constant vector, then there is
no solution.

If the subspace does contain the constant vector, then there is a
solution, and moreover, since a set of N vectors spanning fewer than
N dimensions must contain at least one dependent vector, there
must be infinitely many solutions.
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For example, the following linear system has a zero determinant and
no solutions.

Tt + y + 22 = 3 1 1 P 3
z + v + 2z =4 = m(1>+y(1>+z(2):<4)
r + 2y + 3z 5 1 2 3 5
(1,1,1) (1,1,1)
determinant =det [ (1,1,2) | =V [ (1,1,2) | =0
(2,2,3) (2,2,3)

On the other hand, the following linear system has a zero
determinant, and infinitely many solutions.

8 8 &
++ +
e
++ +
W NN
AN
[
Tl W W
1
8
~/
— =
~_
_|_
<
PO
N = =
~_
+
S
PO
w NN
_
I
/.
Tl W
N =

(1,1,1) (1,1,1)
determinant = det | (1,1,2) | =V [ (1,1,2) | =0
(2,2,3) (2,2,3)

One solution, for example, is © = 0,y = 1,z = 1, But since

<27 2, 3> is the sum of <17 1, 1> and <17 1, 2>, we can obtain another
solution by increasing x and ¥ by some amount, and decreasing 2
by that same amount. For example, another solution is

x =1,y =2,z =0, and yet another solution is
r=2,y=3,z2=—1,

Later, we will see that the determinant plays a fundamental role in
understanding transformations of vectors, which are called
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matrices. For now, though, we will just get in the habit of writing

volume using the determinant operator det in place of V.

Exercises

Determine whether the system has A) exactly one solution, or B) no
solutions or infinitely many solutions.

1)
r+y=1
20 +y =3
3)
r—y+2=10
20 +y+2z=12
dr —y+3z2=13
5)
rT—y =253
r+y+z=11
r+2z=16
7)
20 + 2y — z = =27
r+y+z=11
Tz 4+ 5y = 83

2)

20 +4y =0
—r—2y=3

c+y+z=27
rz+2y =31
Y+ 2z =42

Tr+3y —2z=11
r—y—z=12
8r — 2y — 3z =—T7

z+y—3z=12
z—y+3z=-12
y—3z=4
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9)
wHx+y+z=42
w—r—y—z=27
r+z=—-11
w—+2r+z=-—14

85

10)
wH+r+y—z=12
JwH+2x+y=-—7
r+2y+3z=11
w42+ 3y+2z=14
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2.3 Shearing, Cramer’s Rule, and
Volume by Reduction

Not only can a nonzero determinant tell us that a linear system has
exactly one solution -- the nonzero determinant can also help us
quickly find that solution through a process known as Cramer’s rule.

Shearing

The key bit of intuition surrounding Cramer’s rule is the idea that
moving one of the sides of a parallelepiped in a parallel direction
does not change the volume of the parallelepiped. This kind of
transformation is known as shearing, and the intuition can be most
easily illustrated in 2 dimensions.

Suppose we have the following 2-dimensional linear system:
a1lx ajprs = b a a b
111 +  a2x2 1 . 1y - 12 _ (0
ary + axpry = b a1 a2 b2

The three vectors in this system -- two coefficient vectors and one
constant vector -- can be represented visually as the vertices of a
parallelogram.
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1

Cramer’s Rule in Two Dimensions

Equating the volumes of the original parallelogram and the sheared
parallelogram, we have

det X1 a1 , L2 412 = det X1 a1 y bl
a1 ag2 a21 ba .

Using the fact that scaling a vector results in the volume being
scaled by the same amount, we can simplify and solve for x2.
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nanaen (). (42)) = avaer (22 (2))
e (o) ()
(FRES)

This is the solution for 22 in the original system! We can use the
same method to solve for 1, too.

o =

det (o (g ) o2 (022) ) =t (1) = (222))
asy a22 ba a2
s (1) (o)) =220t () (o)
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e () (o)
bo a22
(o) ()
as1 a2
This method is known as Cramer’s rule. We illustrate it below on a

concrete example, which would otherwise be annoying to solve by
reduction because its solutions are fractional.

2.961—31‘2:7_> 2+ —3_7
521 + x9 = 4 Tls) T2 1 )7 4

Using Cramer’s rule, however, the solutions are much easier to
compute.

r1 =

(1))
()T
Ty = det<<§)(z>) _ -7
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Cramer’s Rule in N Dimensions

To generalize Cramer’s rule to N dimensions, we first come up with a
compact notation for writing systems of linear equations.

a1z + aprs = b
a1 + axry = b
1
(o) () === ()
as1 a2 by
1

a1x1 + asxs = b

In this notation, we reduce the linear system to a single equation in
terms of the vectors @1 = (@11, a21>, az = (a2, a22>, and

b= (b1,b2) The solutions from Cramer’s rule can then be written
as follows:

_det(b,az) _ det(a1,b)
= det(al,ag) 2= det(al,ag)

The pattern is clear: i is given by a fraction whose denominator is
the determinant of the coefficient vectors, and whose numerator is
the same except that the ith coefficient vector @ is replaced with
the constant vector b.
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For an N-dimensional square linear system, then, the solutions to
a1xy +asxo+ ...+ apx, =0b

are given by

= det(al, ce ,ai_l,b, Ai41y- - - ,an)
i =

det(ay,az,...,a,)

Volume by Reduction

Now, let’s take a step back and talk more about the elegance of
shearing. We have seen that through Cramer’s rule, shearing can be
used to express the solution of a linear system using ratios of
volumes. Now, we will see that shearing can also be used to
compute volumes themselves, without having to use the volume
formula.

In a set of vectors, shearing simply amounts to adding one vector to
another vector. Consequently, reducing a set of vectors preserves
the volume of the parallelepiped formed by those vectors, provided
that we don’t rescale any of the vectors themselves (otherwise, the
volume would be rescaled as well).

The volume of a reduced set of vectors is much easier to compute:
we can simply multiply the diagonal, because the diagonal entries
are the parallelepiped’s lengths in each dimension.
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As a simple example, we can use shearing to compute the volume
enclosed by the vectors <27 1> and (1,2),

det (g ) = det <<1,2><2’ ?Q, 1>> = det <<<(2)%

T2

)
)

1
2

(1,2)
(0.3)

2.1)

T1
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When computing the volume of 4 or more vectors, it is much faster
to use shearing instead of the volume formula. Below is an example
of a 4-dimensional volume calculation using shearing.

(1,2,3,4)
(1,3,2,4) — (1,2,3,4)
(4,3,2,1) —4(1,2,3,4)
(3,2,1,4) — 3(1,2,3,4)
(1,2,3,4)
(0,1,—1,0)
(0, —5,—10,—15) + 5 (0,1, —1,0)
(0, —4,—8,—8) +4(0,1,—1,0)
(1,2,3,4)
(0,1,-1,0)
(0,0, 15, —15)
(0,0,—12,-8) — 12(0,0,-15, —15)
(1,2,3,4)
(0,1,—1,0)
(0,0, —15, —15)
(0,0,0,4)

= (M)(=15)(4)
= —60

)
i = det
)
= det
= det

= det
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Exercises

State whether the linear system has A) exactly one solution, or B) no
solutions or infinitely many solutions. If there is A) exactly one
solution, then use Cramer’s rule to find it.

In your calculations of determinants in higher than 3 dimensions, be
sure to use the technique of shearing -- it will save lots of time!

1) 2)
r+2y=4 3r+y=-1
20 -3y =3 r—2y=4
3) 4)
or + 8y = 2 3x+ Ty =14
3xr—Ty=>5 10x — 6y = —3
5) 6)
z+2y+32=38 3r—y+z=1
2r+y—2z2=1 6r+y+2=2
rT+y—2z2=2 y—z=3
7) 8)
r+2y—z=1 dor —3y+22z=1
3r—3y+z2=17 20 +3y+4z=1

—r+Ty+z=-3 r—y+z=1
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11)

12)

wt+r+y+z=3
wHy+z=2
r+y+z=-1
3w—4z =17

u+3w+dr—y+z=1

u—2w—4dr+y+z=-1
du+4xr —y =0
w42z —y=1

3w—x =2

Ju—2w+zx+y=0

u—y—z=1

wt+r+y—3z2=3
u+2x+3z=-2
2u—x+y—z= -2

Justin Skycak | Linear Algebra

10)
qw+de —y+z2z=4
2w—4dx+y+z2z=3
w+dr—y=3
w43z +y=1
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2.4 Higher-Order Variation of Parameters

Until this point, we have been working exclusively with linear
systems. However, solving linear systems can sometimes be a
necessary component of solving nonlinear systems.

Second-Order Variation of Parameters

For example, recall the variation of parameters method for solving a
second-order differential equation of the form

Y +ai(x)y +ao(x)y = f(x).

Variation of parameters proceeds by first guessing a solution of the
form

yr(e) = w(2)y1(z) + uz()y2(2),

where ¥1 and ¥2 are the two zero solutions of the differential
equation

Y + a1 (x)y’ + ap(r)y =0,

and U1(%) and u2(Z) are some unknown multiplier functions that
we solve for by setting up a system of equations.
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To set up the first equation in our system, we force
Y (2) = wi(2)y)(z) + ua()ys(x)

and equate it to the true derivative of ¥f:
Yy = ury) + uays
(u1y1 + ugys)” = u1yy + uays
uy Y1 + uryy + usye + usyy = w1y + Uy
uhy1 + usys = 0

The second equation comes from substituting our guess for ¥f into
the differential equation and simplifying, using the fact that ¥1 and
Y2 are the zero solutions.

f=yf+ary; + aoyy

f= (e 4+ uays)' + ar(wry) + uays) + ao(uryr + uay2)

f= (Whyy +ury] +usys +usys) + a1 (ury) + uays) + ao(uiyr + uzya)
(u1) (Y] + a1yy + aoyr) + (u2)(yz + arys + aoyz) + uiy) + usys

(u )( ) + (u2)(0) + iy + usys

ULy A by

f
f
f
This results in a square system of 2 equations.

uhyr + ujye =0
uyyy + ugyy = f
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. . . / / .
In 2 dimensions, we can easily solve for %1 and %2 using
elimination, obtaining the result below.

r ya f
Uy = — / /
Y1Ys — Y21
/ i f
Ug

B Y1Ys — Yoy

Then, we can simply integrate and substitute these back into our
particular solution.

Yy = u1y1 + u2yy

yof y1f
= _yl/ﬁdx"‘y?/ﬁdx
Y1Ys — Y27 Y1Ys — Y2q

Higher-Order Variation of Parameters

When we wish to use variation of parameters to find the particular
solution of an Nth order differential equation

y" +ar ()Y + .+ an(x)y = f(o)
we guess a solution of the form
yr(@) = ur(@)y1(z) + u2(2)y2(x) + . .. + un(@)yn(z)

and force
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y’f(x) =  w@y(z) 4+  w@yh) + ...+ u(2)y,(z)
yi@) = wm@yl@) +  w@yi@) + .+ ua(@)yn(a)
W@ = m@r @)+ e @ o+ @ @),

By equating each derivative with the true derivative of ¥ up to
order N, we can set up a system of equations.

uiyr + ubye + +  wy, = 0
Y] + ubyh + ...+ ulyn, =0
W e ™ = 0
uig™Y + " Y + + ou Y = f

This system is difficult to solve by elimination. But now we can use
Cramer’s rule! First, let’s write our system more compactly, using the

notation
y Y = (yiil ")
The system becomes
Wy ey Y = (0,...,0, ).

. / . .
According to Cramer’s rule, each %; is given by

det( (On 1 7"’7yz(0? 1)7< 7"'707f>7y2(35?71)7"'7y7€l():n71)>
det( (0:n— 1) (0:n—1)7...’y7(10:n—1))

/
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The denominator of this fraction is also known as the Wronskian,
denoted

W (y1,92,...,yn) = det <y§0:n—1)7y§0;n_1)7 . 7(10:”_1)).

If we define Wi s as

Wip (1,2, a) = det (5", y 00700, 0, 1) Q0D

then we have

ul _ Wl,f (y17y27--~7yn)
W(ylayza"'ayn) .

Finally, we can write the particular solution to the differential
equation by integrating and substituting into our initial guess.

Wt (Y192, -, Un)
W (y1,92, - Yn)

Wl,f (ylny, .- ,yn)

dx
W (y1,92, -, Yn)

dr+ ...+ yn

Yr =y

Demonstration

Let’s illustrate this method on a simple example. To make it easier to
find the zero solutions, we’ll choose an example with constant
coefficients, but remember that this method works even when the
coefficients are functions themselves.

"

y" =2y —y 2y ="
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We start off by finding the zero solutions, i.e. those that satisfy the
equation whose right-hand side is zero.

y///_2y//_y/+2y:0

We do this by finding the roots of the characteristic polynomial
p(r) = 7% —=2r* =+ 2 e can find the roots via factoring by
grouping.

0=7r>—2r2 —r 42

0=r?(r—2)—1(r —2)
0=(2-1)(r—2)
O=(r+1)(r—-1)(r—2)
r=—1,1,2

These roots correspond to the following zero solutions:
y1=C_1e" yy=Cre" yy = Cre™

It remains to find the particular solution. To use variation of
parameters, we need three independent zero solutions, so we’ll

. —x ,r L2z
choose the simplest ones from above: € ~, €7, €™,

Substituting these into the variation of parameters formula, we have
a particular solution of the form
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W- e " e’ e W- e ", e’ e
W (e=*,e%, ex) W (e=7,e%, %)

2w [ Way (e, ¢, e*)
W (e~ e®, e2%)

dx

+e dx

. _ .3 . . . .
with f(z) = e, Now, it remains to do the computations. First, we
compute the standard Wronskian in the denominator.

e % eT eQm
%% (e_‘”, e’, 62:6) = det (e_f”)/ e, (6233)/
(e_x)ll (ew)// (e2x)ll
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Next, we compute the modified Wronskians in the numerators.

0 et e
Wl,f (e_m,ex,@%) = det (( 0 ) <<6T)/> ( 62’1‘)/))
e3t (ea:)// :1:)”
e et 46230
0 1
= (€%7) (¢7) (") det <<0> (1) ( ))
1 1
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Lastly, we substitute back into the formula for the particular
solution, and simplify.
Y le (e—x76x7 621) do ot . W2,f (e—a:’ e:c’ 62910)
=e T+ e
Ys W(e—x7ez’e2x) W(€_$,€$,e2$)
2 [ Way (7% e, e*)
W (e—:p7 e, eQm)

3 66x _3641 5 263:1?
:ex/@dm+ex/ G2 dm+e“/662mdx
—e"”/le‘l” dx+e’”/—162mdx+62x/lez dz

6 2 3
1 1 1
— e (ﬂe%c) 4 e <_162m> + 62x (gew)

_1 3z 13:1: 13x
= TTie e
13x
86

dx

+e dzx
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The full solution to the differential equation, then, is

1
y=C_1e %+ C1e” + Cre® + geSI

Exercises

Solve the following differential equations using variation of
parameters.

1) " =y — 4y + 4y = e*®

2) Y=y =5/ —3y=¢"

3) ¥ +y" -y —y=cosz

4) " —2y" — 9y + 18y = sinx
5 y" —2y" +9y —2=cosz

6) " -9y +4y —4=sinz
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Part 3
Matrices



108 Justin Skycak | Linear Algebra



Justin Skycak | Linear Algebra 109

3.1 Linear Systems as Transformations
of Vectors by Matrices

Let’s create a compact notation for expressing systems of linear
equations like the one shown below.

anry + apr: + - 4+ aT, = b
ag1xry + agre + - 4+ agpxn, = b
Am1T1 + amax2 + -+ ATy = bm

Matrices of Column Vectors

We're familiar with a slightly condensed version using coefficient

vectors.
ail a12 a1n b1
as1 a2 aon, bo
T+ . To+ -+ . In =
Amn Am2 Amn bm

However, we can condense this even further by putting the
coefficient vectors in a vector themselves and taking the dot product
with the vector of variables.
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ail a2 a1n by

asy as asny by
) . 3T . '<$1,Q?2,"',$n>:

Qmn am2 Qmn bm

To save space, the vector of variables can be written as a column
vector as well.

a1 a2 a1n 1 b1

a1 a2 a2n ) b2
) M M -

Amn Am2 Amn Tn bm

Finally, to simplify the notation, we can remove the vector braces
around the individual coefficient vectors and remove the dot
product symbol.

a1 a2 - Gln x1 b1
as1 Gz -+ G2, T2 bo
aAml am2 - Amn Tn bm

The array containing the coefficients is called a matrix. It’s really just
a vector of sub-vectors, written without braces on the individual
sub-vectors.
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Looking back, it makes sense to define a matrix multiplying a vector

as follows:
ail a12 e Aln x1 ar ai2 Aln
agy az -t A2n T2 as as asnp
— . x + . o+ -+ . Ty
am1 Am2 - Amp L Amn am?2 Amn

Matrices of Row Vectors

Keeping this form of matrix notation and multiplication in mind, let’s
start from scratch and proceed to condense a system of linear
equations in a different way. We'll get an interesting result.

Again, we will start with the system below.

a1ty + appres + - 4+ aprn, = by
a1 + agrs + - 4+ agpr, = by
am1T1 + amaT2 + - + amnTn, = bm

This time, however, we will begin by writing each equation as a dot
product.

(@11, @12, , 1) - (@1, 22, -+ ,Tpn) = by

(a21,a22,- -+ ,a2p) - (1,22, ,Tn) = ba

<am17am27' e 7amn> : <=’E173327’ e 7xn> = by,
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Then, we will write the system as a single vector equation by
interpreting each side of the equation as a vector.

(a11,a12,- -+ ,a1p) - (1,22, -+ ,Tp) b1
(a1, a22,- -+, agp) - (1,22, - ,Zp) _ bo
<am17am27 e 7amn> : <J}1,ZU2,' o 7xn> bm

Each component of the left-hand-side vector includes a dot product
with the vector of variables, so we can factor out the vector of
variables.

(a11,a12, -+, a1pn) b1

(a21,a22, -+, a2n) b2
. <x17'r27”‘ 7xTL> -

<am17 am2, """ aamn> bm

Again, to save space, the vector of variables can be written as a
column vector.

(a11,a12,- -+, ain) 1 b1
(ag1,ag, -+, azn) T2 ba

<am17 Am2, * aamn> Tn bm
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Finally, to simplify the notation, we can again remove the vector
braces around the individual coefficient vectors.

a1 a2 - Gln x1 b1
as1 Gz -+ G2, T2 bo
aAml am2 ' Amn Tn bm

Again, there is a matrix! And again, the matrix just represents a
vector of sub-vectors, written without braces on the individual
sub-vectors.

But this time, looking back, it makes sense to define a matrix
multiplying a vector by a different rule.

aip a2 - QAlnp X1 (a11,a12,"' 7a1n> : <$1-,932-,"' 7$n>

a1 axp -+ a T2 (az1,a922, -+, a2n) - (T1, T2, , Tn)
— .

Aml aAm2 *°° Qmnp Tn <am17 Am2, " ** :amn> . <1'17 5 PR xn)

Matrix Multiplication

Which rule is correct? It turns out, they both are. Before we do an
example, though, let’s recap.
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We’'re stumbling upon the following structure:

a1 + appr: + - 4+ apr, = b
a1x1 + axry + - 4+ axpr, = by
aAmiT1 + amar2 + -+ Aupdy, = bm
1
ail a2 - Gin 1 b1
as1  az -+ Aoy ) ba
aml Am2 - Amn Tn bm

The array on the left-hand side is called a matrix, and we have two
ways to compute the product of a matrix and a vector -- one which
involves interpreting the columns of the matrix as individual vectors,
and another which involves interpreting the rows of the matrix as
individual vectors.
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ail ai2 Qln
a1 a2 a2n
r1 + . o+ -+ . Tn

Amn Am?2 Amn
ail ai2 e a1n 1
a1 a2 Tt a2n T2
aml aAm2 - Qmn LTn,

<a11,a12,"' ,a1n> : <$1,9€2,“' Jin)

<a217a22>"' 7a2n> : <901,3327"' ,ifn>

<am17am2> te 7amn> : <:L'1>-7527 ce a$n>

To verify that both methods of computation indeed yield the same
result, we can try out a simple example using the two different
methods to compute the product of a 2-by-2 matrix and a
2-dimensional vector.

(96 =6)er () o=(5)()=()
6 D6 - (606 - (555 - ()



116 Justin Skycak | Linear Algebra

Geometric Intuition

Lastly, let’s build some geometric intuition. Geometrically, a matrix
represents a transformation of a vector space, and we can visualize
this transformation by thinking about what the matrix does to the
N-dimensional unit cube.

For example, to see what the matrix from the example does to the

unit square, we can multiply the vertices (1,0) and (0,1) of the unit
square by the matrix.

(3 ©)=G)or()o=()
63 0)=G)o-E)o-=()

We see that the matrix moves the vertices of the unit square from

(1,0) and (0, 1), to (1,2) and (3,4). Notice that these are just the
columns of the matrix!
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Z2 Z2

1 2 ,
3 4 A

(0,1) g---

l—=<|170>

1 1

But it’s not just the unit square that is transformed in this way. The
entire space undergoes this transformation as well.

1 1 1 1 1 1 1 r '/I '/ I/’ l'/ 4/ 'l / l"
------- bbb L2 A S A A
1 1 1 1 1 1 1 3 4 L ’/l 1y . /" ’ !y 1y
1 ] ] ] ] ] 1 ’ ! 12 s s !y 12 ’
_—— ___I___J.—_J_——I——_L__J___l____/—\ //lr J ! S /7 ’,1 K !
"""" [ | v T I ] L 4 A At 4
T T--A r T-"A r . PR ) 4 S
' I 1 o ' I ’ A
1y b 7! sy 1y
! ! ! ! ! ! ! ’ 1 " ’ 1 ’ 1 1 ’
» L L L L L Ly X1 < L L L B T
[ R A7 7T A

And it’s more than simple stretching -- the space is actually flipped
over, since the original bottom vertex (17 0) is now the top vertex

(1, 3), and the original top vertex (0,1) is now the bottom vertex
(2,4).
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Exercises
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Convert the following linear systems to matrix form.

1)

31‘1 —21‘2 =7
5r1 + 4x9 =6
201+ 3z9 =4

5.1:1:8

2x1 + 3x9 —4x3 =5
Tx1 — 2x9 + 3x3 = 2
9x1 + dxo +4x3 =1

r1 —x3 =4
xo+3x3=7
1+ a2+ 23 =—95

T1+rot T3 —Ts =7
To+x3 —Trye =05

r1 + 8x3 =11
4xo + 24 = 3

2)

10)

1 — 819 =3

T+ a9 = —2

8rg = —T7
311 — Xy = 5

r1 — 29+ 23 =0
2x1 — dxg + x3 = —2
x1 + 4x9 + 223 = 3

o+ x3 =206
r1+x3=2>5
x1+x0 =4

1 — 229+ 323 =0
T9g — 223+ 324 =0
1 —2x3+ 314 =1
] — 200+ 3x4 =1
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Compute the product of the given vector and matrix by A)
interpreting the columns of the matrix as individual vectors, and B)
interpreting the rows of the matrix as individual vectors. Verify that

the results are the same.

11)
1 3\ (2
G
13)
D)
1 4)\ 1
15)
1 3 2\ /2
~10 1] |1
2 10 3)
17)
1 2 0\ /-1
4 3 1 1
3 -1 —1 (2
19)
1 3 2 1)\ /1
0 0 3 4|3
1 0 -1 —2]]2
3 -4 -2 1) \0

12)

() ()


https://www.codecogs.com/eqnedit.php?latex=18)%0
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20)
7 0 -1 -1 3
2 3 -1 =2 1
01 2 3 —1
4 3 -2 1 2
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3.2 Matrix Multiplication

We have seen how to multiply a vector by a matrix. Now, we will see
how to multiply a matrix by another matrix.

Whereas multiplying a vector by a matrix corresponds to a linear
transformation of that vector, multiplying a matrix by another matrix
corresponds to a composition of linear transformations.

General Procedure

The procedure for matrix multiplication is quite familiar: we simply
multiply each column vector in the right matrix by the left matrix.

Really, we’re just trying to figure out where the points (1,0) and

(07 1) map to after being transformed once by the right matrix and
then again by the left matrix. We already know that the right matrix
maps those points to its columns, so all we have to do is map those
columns according to the left matrix.
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An example is shown below.

F )G D=(GI6) CHE)

oo

We can verify that multiplying a vector by this new matrix gives the
same result as multiplying the vector first by the original right
matrix, and then by the original left matrix.

£ )0 -6 902
90
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Case of Rectangular Matrices

Matrix multiplication isn’t limited to just square matrices. The
matrices can be rectangular, too.

~ &~ =

—
(e}
—

2 3
5 6
8 9
11 12

136

49 64
76 100
103 136

Tt W =
v
e N
2o oot
D © o w

But notice that if we switch the above example around, it no longer
makes sense to multiply the matrices, because we are unable to
multiply each column vector in the right matrix by the left matrix.
There are fewer columns in the left matrix than there are entries in
each column of the right matrix.

S = N

—
Ut W =
SN———
—

5N e e
co ot

11

—_
w@@w
I
—
Ut W =
S = N
SN—

—
o\l»-b»—t
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Criterion for Multiplication

The trick to telling whether matrix multiplication is defined in a
particular case is to check whether the width of the left matrix
matches the height of the right matrix.

Matrix dimensions are usually written as height x width  so matrix
multiplication is defined whenever the inner dimensions match up.

For example, in the multiplication

1 2 3 1 9 22 28
4 5 6 3 4| = 49 64
7 8 9 5 6 76 100
10 11 12 103 136

the left matrix has dimensions 4 x 3 and the right matrix has
dimensions 3 x 2.

Writing these dimensions in the order of multiplication, we see that
the inner dimensions do indeed match up: they’re 3 and 3.

(4x3)x(3x2)

Moreover, the outer dimensions give the dimensions of the resulting
product: 4 x 2.


http://www.texrendr.com/?eqn=%5Cbegin%7Balign*%7D%20%5Cbegin%7Bpmatrix%7D%203%20%26%204%20%5C%5C%205%20%26%206%20%5Cend%7Bpmatrix%7D%20%5Cbegin%7Bpmatrix%7D%201%20%26%202%20%5Cend%7Bpmatrix%7D%20%5Cend%7Balign*%7D%0
http://www.texrendr.com/?eqn=%5Cbegin%7Balign*%7D%20%5Cbegin%7Bpmatrix%7D%203%20%26%204%20%5C%5C%205%20%26%206%20%5Cend%7Bpmatrix%7D%20%5Cbegin%7Bpmatrix%7D%201%20%26%202%20%5Cend%7Bpmatrix%7D%20%5Cend%7Balign*%7D%0
http://www.texrendr.com/?eqn=%5Cbegin%7Balign*%7D%20%5Cbegin%7Bpmatrix%7D%203%20%26%204%20%5C%5C%205%20%26%206%20%5Cend%7Bpmatrix%7D%20%5Cbegin%7Bpmatrix%7D%201%20%26%202%20%5Cend%7Bpmatrix%7D%20%5Cend%7Balign*%7D%0
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On the other hand, the matrices in the multiplication

1 2 3
1 2
3 4 4 5 6| 9
5 6 7 8 9

10 11 12

have dimensions (3 X 2) X (4 X 3)_The inner dimensions don’t
match up: they’re 2 and 4. Therefore, the matrix multiplication is
not defined.

Notice the implications for square matrices: multiplication is defined
for square matrices only when they both have the same dimensions,
say N x N, and multiplication remains defined even if we switch
the order of the square matrices, because the dimensions of the
product stay the same:

(N xN)x (N xN)

Moreover, the output is itself a square matrix of the same
dimension, N x N.

Non-Commutativity

Even for square matrices, though, matrix multiplication is generally
not commutative -- if we switch the order of two matrices in a
product, we tend to get a different result.
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For example, switching the two matrices in the most recent example
yields a different result:

1 2\ /5 6\ (19 22
3 4)\7 8) \43 50
5 6\ (1 2\ (23 34
7 8)\3 4) \31 46
Even simple matrices generally do not commute:
1 0y/0 1y [0 1
0 2)\1 0/ \2 0
0 1 1 0y (0 2
1 0/\0 2/ \1 0

The reason matrices tend not to commute is that left-multiplication
and right-multiplication have different interpretations:
left-multiplication sums combinations of row vectors, whereas
right-multiplication sums combinations of column vectors.
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Applying some operation to the rows of a matrix is generally not the
same as applying that operation to the columns of a matrix.

<a b> <A B>
Left-multiplication of \¢ @/ by ¢ D

A B a b
C D c d
_ (Aa+Bc Ab+ Bd
~ \Ca+ De¢ Cb+ Dd

B (A (a,b) + B (c, d))
- \C{a,b) + D {c,d)

<a b> <A B>
Right-multiplication of \¢ ¢/ by ¢ D

a b A B
c d C D
~ (aA+bC aB+bD
~ \cA+dC c¢B+dD

(1) e @) 2 ()2 ()

Diagonal Matrices

That being said, there are some instances in which matrices do
commute.
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For example, diagonal matrices commute with each other. (A
diagonal matrix consists of zero everywhere except the diagonal
running from the top-left entry to the bottom-right entry.)

G966
696 Y6

Diagonal matrices commute with each other because the diagonal
components end up being multiplied independently as scalars rather
than vectors, and scalar multiplication does in fact commute.

(@ 5) 6 0= (8 2)= (7 )= D)@ 5)

Be aware, though, that antidiagonal matrices generally do not
commute with each other. (An antidiagonal matrix is like a diagonal
matrix, but with the diagonal running from top-right to bottom-left.)

£96 96
€966
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Exercises

Compute the product of the given matrices, if possible, using A) the
left-multiplication interpretation, and B) the right-multiplication
interpretation.

Otherwise, if it is not possible to compute the product, then state
the dimensions that A) the left matrix would need to have for the
multiplication to be defined, or B) that the right matrix would need
to have for the multiplication to be defined.

1) 2)
(3—1)(23) 4 0
1 —2)\0 5 —23(311)
3 114 51
1 5
3)
—4 1\ /2 2
2 3|10 4
-1 3/ \7 -3
4)
1 2 1
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3.3 Rescaling, Shearing, and the Determinant

The key insight in this chapter is that every square matrix can be
decomposed into a product of rescalings and shears. Before we
elaborate on that, though, let’s discuss what rescalings and shears
are, in terms of matrices.

Rescaling Matrices

Rescaling matrices are matrices that rescale the dimensions of
space, with each dimension potentially being rescaled by a different
amount. That is to say, the dimensions of space maintain their
original direction, but their lengths are multiplied by some factors.

For example, in 2-dimensional space, the rescaling of (1,0) into

1
(2,0) and (0. 1) into <0’ §> is given by left- or right-multiplication by
the following rescaling matrix:

N\
SN
W= O
N
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We could also have negative rescalings, or even zero rescalings that
collapse a vector’s length down to 0. For example, the rescaling

matrix that rescales (1. 0) into {(—5,0) and (0, 1) into (0,0) is given

by

-5 0

0 0/
We can extend to higher dimensions as well. In 3-dimensional space,
the rescaling matrix that rescales (1,0,0) t0 (2,0, 0>, and (0,1,0)

4
to (0, =3, 0>, and (0,0, 1) to <0’ 0, 5> is given by

o

|

w
gl O O

Do you notice a pattern? Rescaling matrices are just diagonal
matrices!

There is a fast trick for multiplying rescaling matrices: just multiply
the diagonal entries independently. Consequently, the product of
two rescaling matrices is itself always a rescaling matrix as well.

RS
O O N
o | jan)
w
v O O
\/
~
S O =
on- O
g O O
~—
Il
VRS
—
[\
o o=
N
Nus?
i
w
O~ O
—
ol
SN—
—~
(SIS
—
t
=
v
Il
/N

Likewise, there is also a fast trick to compute the determinant of a
rescaling matrix. Since the vectors in a rescaling matrix form a
rectangular prism, and the volume of that prism is obtained by
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multiplying the side lengths, the determinant of a rescaling matrix is
simply the product of the rescalings, i.e. the product of the diagonal.

)

det

S O
|
[\e] [V}
= O O
Il
—~
o
N—
|
[\G][V)
SN—
—~
N
N—
|
|
W
o

o

Shearing Matrices

Now let’s talk about shearing matrices. Recall that shearing involves
moving one of the sides of a parallelepiped in a parallel direction,
and does not change the volume of the parallelepiped. We have also
seen that in a set of vectors, shearing simply amounts to adding a
multiple of some vector to a different vector.

Since a matrix is defined by its transformation of the unit cube, we
can consider just the shears of the unit cube. In 2 dimensions, for
example, a shear of the unit cube would either consist of vectors
(1,0) and (m, 1>, or {1,m) and (0, 1>, where m is the multiple of
the vector that is added.
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T2 T2

A left-multiply right-multiply

1 m or 1 0 lof't-lnmlt,(i]pLy
0 1 m 1 ( 1)

m

/<1;>( (1,m) or

<07 1> “_ ________ : <O 1> “. ...... ! right-multiply

6 ")

y > —— < > .

Likewise, in 3 dimensions, a shear of the unit cube could consist of
vectors <17 O> 0>, <O’ 17 O>, and <m7 n, 1); or <1v O’ O>, <mv 17 n>, and
(0,0, 1>; or (1,0, 0>, (0, 1>0>, and (m,n, 1>, where m and n are
the multiples of the vectors that are added. These correspond to the
following matrices, respectively:

1 0 m 1 m O 1 0 O
Left-multiply: 01 n 0 1 0 m 1 0
0 0 1 0 n 1 n 0 1

OR
1 0 0 1 0 0 1 m n
Right-multiply: 0O 1 0 m 1 n 0O 1 0
m n 1 0 0 1 0 0 1

Do you notice a pattern? Shear matrices consist of a diagonal of 1s,
with all other entries zero except for possibly a single row or
column.
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Unfortunately, there is no easy trick for multiplying shear matrices,
other than just adding multiples of one row/column to another
row/column. The result of multiplying two shear matrices might not
even maintain a diagonal of 1s, for example:

G-

However, there is one property that is conserved in the result of
multiplying shear matrices: the determinant of a product of shear
matrices has to remain 1. This is because shear matrices don’t
change the volume of any parallelepiped within a vector space.

Decomposing into Rescalings and Shears

Now let’s move onto the main idea of this chapter: every square
matrix can be decomposed into a product of rescalings and shears.
We’ll illustrate the process through a couple of examples.

The process of decomposing a matrix into a product of rescalings
and shears is very familiar -- it mainly consists of reducing the row or
column vectors while keeping track of our multipliers in rescaling
and shear vectors.

The only catch is that we need to keep track of the process in
reverse, which means we have to flip the sign of the multipliers that
we put in shear matrices, and take the reciprocal of the multipliers
that we put in rescaling matrices.
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For example, to decompose the matrix below into a product of
rescalings and shears, we start by adding —3 times the first row to
the second row, which means we put 3 in our left shear matrix to

represent the reverse operation. Then, we multiply the bottom row

1
by ~2, which means we put —2 in our left rescaling matrix to

represent the reverse operation.
1 2
3 4
1 0\ /1 2
3 1)\0 -2
1 0\ /1 O 1 2
3 1/J\0 —=2/\0 1

Here is another example, which might initially seem tricky because
the first row has a 0 as its first entry. However, we can create a 1 as

5
the first entry by adding ~ 2 of the second row. Then, all that
remains is to rescale the second row.
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Note that sometimes we may need to rescale by 0 to introduce a 1
into a row of 0s, such as in the top row of the matrix below.

(0 0) B (O 0) (1 0>
= 1
1 2 0 2 5 1
Likewise, to introduce a 1 into a column of Os, we can right-multiply
by a rescaling matrix having a 0 entry on the diagonal.

(02)=( 1) 2)

Below is a final example of decomposing a 3 x 3 matrix into
rescalings and shears.

020

2 30

045

2 4

1 20\ /-3 00

0 1 2 30

001/\0 45

1 2 0\ /-3 00\ /100
01 o0jJ{o 1of][230
00 1/\o o1/ \0o 45

1 2 0\ /-2 00\ /100\ /100
01 of{fo 1o]l210|f[030
001/ \0 1) \0 0 1/ \0 4 5
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0 0 1 00 1 00 100
1 0 210 0 30 010
01 0 01 0 01 0 45
0) (1 0 O) (1 0 0) (1 0 O) (1 0 O)
0 210 03 0 010 010
1 0 01 0 0 1 0 4 1 0 0 5

Determinant of a Product

One important consequence of decomposing square matrices into
rescalings and shears is that, for two square matrices A and B, we

have

det(AB) = det(A) det(B).

To understand why this is, imagine writing A and B each as a

product of rescalings and shears.

Since the shears have no effect on volume, they can be removed
from the product AB without changing det(AB).

Then, we are left with the rescaling matrices for A and B, which
give the determinants for A and B, respectively.
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Meaning of Negative Determinant

Another consequence of decomposing square matrices into
rescalings and shears is that it makes clear the meaning of negative
determinant.

Since shears don’t change the determinant, a negative in a
determinant must come from the rescalings -- meaning that the
total number of negative entries in the diagonals of all the rescaling
matrices must be odd.

There is geometric intuition for negative determinants as well,
having to do with the orientation of space.

The orientation of space can be thought of as a “curl” proceeding
from x1 to x2, and then to 3, and so on, until Z», and then back
to Z1. For example, for the unit cube in 3 dimensions, the curl is
counterclockwise (when viewed opposite the origin).

However, applying a matrix with a single negative rescaling and thus
a determinant of —1, one of the sides of the unit cube is flipped in
the opposite direction. This causes the curl to reverse its orientation
from counterclockwise to clockwise.
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On the other hand, applying a matrix with two negative rescalings
and thus a determinant of 1, two of the sides of the unit cube are
flipped in the opposite direction, and the curl maintains its
counterclockwise orientation.
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Exercises

Decompose the following matrices into products of rescalings and
shears.

1) 2)

(o 3) (1 2)
3) 4)

(& 3) (o 5
5) 6)

(o ) (2 1)
7) 8)

Q-
= O
@)
IS )
— W
o O

—_
—
—_
[\
w
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Compute det(X) for the matrix X in the equations below, given

11) X = ABC 12) X = A3B?C
13) AX =B 14) BX=C
15) AB?*X = AC 16) —XC?=BA

17) X?A=p? 18) AXBX =C
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3.4 Inverse Matrices

In this chapter, we introduce the idea of the inverse of a matrix,
which undoes the transformation of that matrix.

Verifying an Inverse Matrix

For example, it’s straightforward that the inverse of the rescaling

(6 3)

is obtained as the rescaling matrix that rescales each dimension by

@5 -G

We can verify that by multiplying the matrix by its inverse, and

matrix

the inverse amount.

observing that the inverse takes the matrix back to the unit square.

GDE-6Y)
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Procedure for Finding the Inverse

But when we consider a more general matrix like the one below, it’s
less straightforward how to find the inverse.

1 2
()
We could try inverting each of the components separately, like we
did with the diagonal of the rescaling matrix, but the resulting
matrix doesn’t take the original matrix back to the unit square -- so
it can’t be the inverse.

1 5
GG D-( D)
3 1/ \3 4 3

Here is another idea: since we want to end up with the unit square,
let’s left-multiply our matrix by other matrices representing row
operations until we get to the unit square.
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Then, let’s take all the matrices we multiplied by, and find their
product. That will be our inverse matrix.

6D =66 DD

We can verify that indeed, this is the correct inverse matrix.
<—2 1><1 2)_(1 0>
3 1 =
5 —3 3 4 0 1

Left and Right Inverses

Based on the fact that we computed the inverse by left-multiplying,
we should only expect the inverse to work for left-multiplication.

Interestingly, it works for right-multiplication as well!

GG -6

This result is general to any inverse matrix -- regardless of whether
we multiply a matrix by its inverse on the left or right, the result will
be the unit cube.
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To see why, we'll need to do a bit of simple algebra. To ease
notation, we’ll denote the unit cube matrix by 7, which stands for
the identity matrix and comes from the factthat Al = A=A
for any matrix A.

Since A~1 A = T for an inverse matrix obtained by
left-multiplication, and since matrix multiplication is associative, we
have

A=Al = A(A'A) = (AA 1A

But if we left-multiply A by a matrix and maintain a result of A,

that matrix must be the identity! That is, if A= (AA_I)A, then we
must have AA~! = T. Hence, left and right inverses are one and
the same.

Non-Invertible Matrices

Now, let’s try to find the inverse of the matrix below. Something
weird will happen.

2 0

00

This is simply a rescaling matrix with the rescaling quantities 2 and 0
on the diagonal. With rescaling matrices, we’re used to finding the

1
inverse by inverting the diagonal entries. We can invert 2 and get 2,

1
but we can’t invert 0 -- the fraction 0 is undefined.
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It turns out, this matrix has no inverse. In general, any matrix having
a 0 rescaling has no inverse, because once a vector is rescaled by a
factor of 0, it’s impossible to recover the original length of the
vector -- as far as we know, it could be any length, because 0 times
any number results in 0.

Criterion for Invertibility

By the same token, any matrix whose rescalings are all nonzero has
an inverse. Once a vector is rescaled by a factor of ” # 0, we can
recover the original length of the vector by simply rescaling again

1
by 7.

Since the determinant of a matrix is the product of its rescalings, we
can put all this together into an elegant statement: a matrix is
invertible if and only if its determinant is nonzero.

This statement gives another perspective on why a linear system
with nonzero determinant has exactly 1 solution, whereas a linear
system with zero determinant has none or infinitely many solutions.

Any linear system can be written as a matrix equation Ax = b, and

if det(A4) # 0, then A1 exists, resulting in a single solution given
by x = A~ 1b.

On the other hand, if det(A) = 0, then A contains some zero
rescaling, and thus if there is any solution at all, then there must be
infinitely many solutions because multiplication by zero gives the
same result for infinitely many numbers.
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Faster Method for Computing Inverses

Lastly, let’s end by discussing a faster method to compute inverse
matrices, based on the technique of reduction.

We already know how to use reduction to keep track of coefficients
when solving linear systems by elimination -- but we’ll introduce a
more compact augmented matrix notation that will allow us to

compute inverse matrices.

To solve the linear system below, we first convert it to an augmented

2x1 + a9 =4 (2 1 ‘ 4)
%

Then, we perform row operations on the augmented matrix until we
have reduced the left-hand side to the identity matrix.

21 4_)10 1_>101
1 1] 3 1 11 3 01 | 2

Finally, the solutions are displayed on the right-hand side: 1 = 1
and T2 = 2,

matrix.

This process is familiar -- we’re just left-multiplying by matrices
corresponding to row operations until we get to the identity matrix,
at which point we have effectively multiplied the original left-hand
side matrix by its inverse.
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Since we perform those same operations on the right-hand side
vector, we are effectively multiplying the vector by the inverse
matrix as well, which yields the solution.

If we want to find the actual inverse matrix, rather than just using it
to solve the system, we can modify this process slightly by replacing
the original right-hand side vector with the identity matrix.

Then, once the left-hand side matrix is taken to the identity matrix,
the right-hand side identity matrix will be taken to the inverse
matrix.

To find the actual inverse matrix in the previous example, we replace

the right-hand side with the identity matrix and perform the same
row operations to reduce the left-hand side.

2 1 10%10 1—1%10 1 -1
11 0 1 11 0 1 01| -1 2

Thus, we have the inverse matrix:

GO =)
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Formula for the Inverse of a 2-by-2 Matrix

There is a nice general formula for the inverse of a 2 x 2 matrix,
which is given below.

a B\ 11 d b
c d ad—bc \—c a

It is recommended to memorize this formula to ease manipulations
with 2 x 2 matrices, since the whole point of doing examples with
2 x 2 matrices is to ensure that they are relatively simple and fast.

Exercises

For each given matrix A, compute det(A) to tell whether A is
invertible. If it is, then compute A1, and verify that A=1A =T
and AAl =1,

1) 2)

(2 3)
G 7)

(¢ 3)
(6 5)
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5) 6)
1 -2 0 1 01
0 1 0 2 3 4
0 —1 1 -1 10
7) 8)
2 1 1 3 2 1
11 7 0 2 4
5 2 —4 ~1 1 -1
9) 10)
121 -2 2 3 1 0
110 0 -1 0 3 1
010 —1 2 2 4 1
2 10 2 2 -1 2 -1

For each equation Ax = b, tell whether A~ exists. If it does, then
compute the solution z = A~ 1b.

11) 12)
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16)

15)

-5

7
1
4

18)

17)

< MM

19)

- O O AN

20)
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Part 4
Eigenspace
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4.1 Eigenvalues, Eigenvectors, and
Diagonalization

Suppose we want to compute a matrix raised to a large power, i.e.
multiplied by itself many times.

63 6966

999 copies

Of course, we could perform this computation using sheer brute
force, multiplying out each of the 999 matrices -- but this would take
a while.

On the other hand, we could go about the multiplications in a more
clever way -- for example, if the matrix is A, then we could compute
AA = A2, A%2A2% = A%, and so on until we get to

A?56 4256 — A512 3nd then compute

A999 _ A512A256A128A64A32A4A2A.

However, this would still require us to compute 14 multiplications,
which -- although it is much better than the original 999 -- is still an
annoyingly large amount of work, especially once the numbers
inside the matrices become large.
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Inverse Shearings and Rescalings

Fortunately, there is an even better way. First, notice that there is a
way to express this matrix as a particular product of shearings and
rescalings shown below.

2 1y (11 2 0 1 -1

0 3) \0 1 0 3/\0 1
The two shearings surrounding the rescaling are special in that they
are inverses of each other:

01)6 )=

As a result, if we multiply 999 copies of the decomposed matrix, we
see that all of the shears cancel except the very first and the very
last, leaving us with a product of 999 rescaling matrices in between.

0 3) G 3) ()

/

999 copies

6626 )6 )E )6 6 )66 Y]

999 copies
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EHEIEDEIENENED-CHE )

—_—

o) o)
0665 (66

999 copies

But rescaling matrices are easy to multiply -- we can just multiply
the diagonal entries separately! This leaves us with only 3 remaining
matrix multiplications, which isn’t too much work to do by hand.

1 1\ /299 0 1 -1
0 1 0 399)\0 1

2999 3999 _ 2999
( 0 3999 )

Diagonalized Form

In order to reproduce this trick on other matrices, we need to come
up with a general method for expressing a matrix A in the
diagonalized form

A=PDP!
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where D is a diagonal rescaling matrix and the surrounding
matrices P and P~! are inverses of each other.

In order to solve for P and D, it helps to right-multiply both sides
of the equation by P so that

AP =PD.

Then, we can express P in terms of its column vectors i and D in
terms of its diagonal entries Ai, and multiply.

| | M

A fUl 'UQ P — fUl 'U2 o .. )\2

Avy Avy - | = | Mvr Aave

We see that the problem amounts to finding pairs of vectors v and
scalars A such that

Av = .
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Eigenvectors and Eigenvalues

Such vectors v are called eigenvectors of the matrix A, and the
scalars \ that the eigenvectors are paired with are called
eigenvalues.

Essentially, the eigenvectors of a matrix are those vectors that the
matrix simply rescales, and the factor by which an eigenvector is
rescaled is called its eigenvalue.

There is one important constraint: the eigenvectors must be
nonzero and independent, since we need to be able to compute the
inverse of the matrix that has them as columns.

In order to solve for the eigenvector and eigenvalue pairs, we
rearrange the equation once more, introducing the identity matrix
I so that we may factor out the eigenvector v.

Av = v
Av— v =0
Av—Av =0
(A= X)v=0

Since we’re assuming v is not the zero vector, the last equation tells
us that some combination of not-all-zero multiples of columns of

A — A1 makes the zero vector. Consequently, the columns of

A — Al must be dependent, and thus

det(A— ) =0
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Finally, we have an equation that we can use to solve for A. Then,
for each solution that we find for the eigenvalue X, we can simply

substitute back into (4 — AI)v = 0 g solve for the corresponding
eigenvector v.

Demonstration of Diagonalization

Let’s work an example. Say we want to diagonalize the matrix below.

-10 —6
18 11

We start by solving the equation det(A — AI) =0 for the
eigenvalues .

(G )20 1) =0
(3 1)~ 3)3

10—\ -6
det( 18 11—A
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Now that we have the eigenvalues A1 = —1 and A2 = 2, we solve

the equation (A= Av =0 for corresponding eigenvectors v1 and
V2,

(A — )\1) v = 0
—10 -6 10 0
(& ) =0 )= 0)
-9 —6 S 0
18 12) 17 \0
At this point, one option is to write v1 in terms of its components,

say V1 = (s t), and simplify the matrix equation into a linear system

(s 2) ()= ()

-9 — 6t = 0
18 + 12t = 0

We can simplify the system by dividing the top equation by —3 and
the bottom equation by 6. This reveals that the two equations are
really just the same equation.

3s + 2t = 0
3s + 2t = 0
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As a result, they can be reduced down to a single equation, and we
can easily solve for s in terms of ¢.

3s+2t=0
3s = —2t

2
S——gt

In other words, the eigenvector v1 can be chosen as any multiple of

2
the vector <_§’ 1>. Intuitively, this makes sense: if Av = Av, then
any multiple cv of v will have the same property:

A(ev) = cAv = chv = A(ew)

We only need to choose a single vector for v1i. For the sake of

2
simplicity, we will choose v1 to be the least multiple of <_§’ 1> that
has whole number coefficients, and a positive first component. We
multiply the vector by —3 to reach
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Thus, we have our first eigenvalue-eigenvector pair!

)\1 = —1, v = (_23)

Solving for an eigenvector might seem like a bit of work, but once
you go through the process several times, you’ll notice a faster
method: we can simply multiply by a diagonal matrix.

The diagonal matrix represents the operations we did the long way
on the system of equations: dividing the top equation by —3 and
the bottom equation by 6.
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Then, we just have to choose 1 as a vector whose dot product with

(3,2) is equal to 0. The simplest choice is (2, _3>, and to keep the
solution general, we introduce a parameter ¢ to mean that v1 is any

nonzero multiple of (2,-3).

For the purposes of diagonalization, we just need one particular
such vector, so we will choose the simplest case, + = 1 (and we will
implicitly assume such choice when solving for other eigenvectors).

Using this method, we reach the same eigenvalue-eigenvector pair.

)\1 = —1, V1 = <_23>

Next we repeat the same process to find the second
eigenvalue-eigenvector pair, this time starting with our second
eigenvalue A2 = 2,
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Now that we have our eigenvalues and eigenvectors, we can

substitute them into our diagonalization.
—-10 -6
18 11

—-10 —6
18 11

More Complicated Case

)
()= (5 )00
)

165

In this example, the eigenvalues came out to nice integer values. As
we’ll see in the next example, eigenvalues and eigenvectors might

be messy, involving roots or even complex numbers.

The next example will also be on a 3 x 3 matrix, to illustrate that
the method of diagonalization is the same even for

higher-dimensional matrices.
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To diagonalize the matrix

1 10
-1 1 0
0 01

1 10 100
det | [-1 1 0)-x|0 1 0f]=0
0 0 1 001

1-A 1 0
det| -1 1-X 0 |=0
0 0 1-2A
11—\ 1 0
det| 0 1-x+:&5 0 |=0
0 0 1—2A

(1-X?+(1-X)=0

1-XN(1-N*+1)=0

A=1lor (1-)\?=-1
A=1,1+1
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Then, we solve for the eigenvectors corresponding to the
eigenvectors A1 =1, Ao =1+, and A3 = 1 — i,

Vo =

(A—)\l)vl—()
1 1 0 1 00 0
-1 1 0)J—-110 1 0 vi= |0
0 01 0 0 1 0
0 1 0 0
-1 0 0]Jvy=10
0 00 0
0
v=10
1
(A—/\Q)UQ—O
1 1 0 1 00 0
-1 1 0] -14+4)[0 1 0] ]wve=10
0 01 0 01 0
- 1 0 0
-1 —¢ 0 Juvw=1(0
0 0 — 0
1 0 0 - 1 0 t 0 0 0
-1 0 —1 —2 0 Jwvwe=(0 -1 0 0
0 0 = 0O 0 — 0 0 =1 0
1 4 0 0
1 2 0Jve=10
0 0 1 0
1
)
0
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(A—/\3)U3:0
1 10 100 0
-1 1 0|-1-d)[0 1 0] ]us=]{0
0 01 0 01 0
¢t 1 0 0
-1 i 0]lw=10
0 0 < 0
- 0 0 t 1 0 - 0 0 0
0 -1 0 -1 ¢ 0Jvs=10 -1 0 0
0 0 — 0 0 < 0 0 —1 0
1 -2 0 0
1 =i 0)Jvs=1{0
0 0 1 0
1
vy3 = | —1¢
0

Collecting our eigenvalues and eigenvectors, we have

0

AM=1, v=1{0

1

1

=141, vo= 1|1
0

1

)\3:1—i, vy = —1

o
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We substitute the eigenvalues and eigenvectors into our
diagonalization.

A=PDP!
1 10 ] N /M 0 0 A
-1 1 0 = vl vy U3 0 )\2 0 vl V2 U3
o o) AT 1o 0on/\] T
1 10 01 1\ /1 o0 0 01 1\ '
11 0|l=(0i —i|llo 1+i o 0 i —i
0 0 1 10 0/ \o o 1-i/\1 0 o0

01 1 |100 10 0 |0 01
0i —i|010|—=[01-1]0 —i0
100|001 01 1 |1 0 0
100]0 0 1
—102 0|1 -0
011,100
100]0 0 1
—(010] 3 =40
0013 % 0

Finally, we’re done!

1 10 01 1\ /1 0 0 0 0 1
-1 1 0|=(0 i —i] |0 1+i O 3 -5 0
0 01 1o o0/\0o o0 1-i/\5 %&£ 0
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Eigenvalues with Multiple Eigenvectors

When diagonalizing some matrices such as the one below, we may
end up with a single repeated eigenvalue, which corresponds to
multiple independent eigenvectors.

S O N
)
N OO

This matrix consists of two distinct eigenvalues, one of which is

repeated.
2 00 1 00
det 01 0)J—=Xx[0 1 O =0
0 1 2 0 01
2—A 0 0
det 0 1—A 0 =0
0 1 2—A
2—A 0 0
det 0 1—A 0 =0
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When we solve for the eigenvector corresponding to the eigenvalue
A = 2, we find that the solution consists of combinations of two
independent vectors.

2 00 1 0 0 0
01 0)]—210 1 0 v=1|0
0 1 2 0 0 1 0
0O 0 O 0
0 -1 0jJv=1]0
0O 1 O 0

1 0

v=|0]s+]|0]¢
0 1

We shall use the simplest cases, s = 1,t =0 and s = 0,t =1 1o
choose two eigenvectors corresponding to the eigenvalue A = 2.
Thus, we have two eigenvalue-eigenvector pairs!

/\1:2, V1 =

A2 =2, vy =

_ o o O o
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We solve for the third eigenvector, corresponding to the eigenvalue
A3 =1, as usual.

V3 =

S O N
— = O
N OO
|
—
O = O
_ o O
N~
_ o O
N~ ~—
<
o)
Il
OO oo OO o
N~ ~—__—

= O

V3 =

Then, we can invert the eigenvector matrix and diagonalize.

2 00 10 0 2 00 10 0
01 0)]=1(0 0 1 02 0 0 0 1
0 1 2 01 -1 0 0 1 0 1 —1
1 0 0 2 00 1 00

=(0 0 1 0 20 011

01 -1 0 01 010

Non-Diagonalizable Matrices

Other times, though, we may not find enough independent
eigenvectors to create the matrix P.

In such cases, A simply cannot be diagonalized (though we will later
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learn a different method to exponentiate such matrices without too
much more work).

For an example of a non-diagonalizable matrix, consider the matrix

below:
1 1
0 1

We are able to solve for the eigenvalues of this matrix:

(3 )6 1) -
det(lg/\ 1i/\>:0
(1-X2=0

A=1,1

However, when we attempt to solve for the eigenvectors, we reach a

problem: there is only one independent vector that satisfies
(A=A)v=0,
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We need two pairs of eigenvalues and eigenvectors to diagonalize
the matrix, but we have a repeated eigenvalue and only one
independent eigenvector corresponding to that eigenvalue.

Thus, we simply do not have enough independent eigenvectors to
diagonalize the matrix.

Exercises

Diagonalize the given matrices A, if possible. If diagonalization is
possible, then use the diagonalization to compute a formula for A™.
Check your formula on the case n = 2.

1) 2)

(% %) G 2)
3) 4)

(0 3) (%)
5) 6)

vy (2
7) 8)


https://www.codecogs.com/eqnedit.php?latex=A%0
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9)

(1)

-1 1
11)

1 0 1

3 -1 -3

0 0 2
13)

4 2 =2

-12 10 8

-9 -9 7

14)

-5
6

S O =

S = =

11

S = o

—4

175
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4.2 Recursive Sequence Formulas via
Diagonalization

In this chapter, we introduce an interesting application of matrix
diagonalization: constructing closed-form expressions for recursive
sequences.

Recursive Sequences

A recursive sequence is defined according to one or more initial
terms and an update rule for obtaining the next term after some
number of previous terms.

For example, the sequences (an)n>0 and (bn)n>0 given below are
arithmetic and geometric sequences given in recursive form.

a0:3 b()Z3
An+1 = Gp + 2 bny1 =bn x 2

For both of these sequences, it is straightforward to write a
closed-form expression for the Nth term:

apn=34+2+2+---+2 bp=3X2x2x---x%x2
N—— S——
n copies n copies

=3+2n =3 x2"
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For other sequences, however, this is not so straightforward. For
example, consider the Fibonacci sequence, whose first term is O,
whose second term is 1, and whose successive terms are obtained
by adding the previous two terms together.

0,1,1,2,3,5,8,13,21,34, . ..

The recursive rule for the Fibonacci sequence is as follows:

ag =20
a; =1

(n+2 = Gp + An41

Finding a Closed-Form Expression
Notice that we can express the recursive update rule using matrices.
()= () ()
An+2 11 An+1

Repeatedly multiplying by this matrix, we can write a closed-form
expression for the Nth and (N+1)st terms.

()= ()
(1) ()
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We can simplify this expression even further by diagonalizing the
matrix. First, we solve for the eigenvalues.

()6 )=
dt( A)

>
—~
—
|
>
[\
| |
>/
/:
|| I
- O O
H
S

Now, we find the eigenvectors v1 and v2 that correspond to the

A1 = 1+2\/g and 2 = 172\/5.

eigenvalues

[ D-(55)6 )

<
S
I

5

VRS
o N
=
M‘+©
S
N——
|
—
HM‘+ -
S
—
w‘l
S
<
=
Il
N TN 7T N TN TN
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Finally, we can diagonalize the matrix.

<(1) D - (1 +2\/5 1 —2\/5) (% 1OT¢5> (1 +2\/5 1 —2\/5)1

Substituting the diagonalized matrix into the original formula, we
are able to simplify so much that we find a closed-form, non-matrix
formula for the Nth term of the sequence.

(2[00 ) <—” 1?5> (Pa02d)]

() -62e 2 () ) (25020 0
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(JL) = (1 B 1 fﬁ) <(%> (&)”)

This formula might be a little surprising -- the Fibonacci sequence

consists only of whole numbers, yet V5 appears often in the
formula!

However, the formula is indeed correct. We verify the formula for
ap, a1, and a2 -- and it will work on all the other terms as well.
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() )
() (=)

'1+2\/5+5_1—2\/5+5
1 1

;
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Case when Approximation is Required

This same method applies for any recursive sequence, though we
may need to diagonalize a higher-dimensional matrix and
numerically approximate the eigenvalues.

For example, consider the following spin-off of the Fibonacci
sequence:

CLO:O
a1:1
a2:1

Apt3 = 2ap + Qpy2

First, we express the recursive update rule using matrices, and write
a closed-form expression involving an exponentiated matrix
multiplying the first few terms.

An+1 01 0 an
ant2 | =10 0 1 An+1
An+3 2 01 an+2
0 1 0\" [ao

- 0 0 1 al

2 01 as

01 0\" /0

=10 0 1 1

2 01 1
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We omit the steps of diagonalizing the matrix since they should be
routine by now -- but it is worthwhile to discuss the method of
approximating the eigenvalues.

When solving for the eigenvalues, we reach the following equation:
AN —A2-2=0

This cubic cannot be factored manually -- not even using synthetic
division -- since it has no rational roots.

Hence, we turn to a graphing utility to approximate a root
A1 ~ 1.696, Then, we can perform synthetic division with that root

to factor the polynomial into
(A — 1.696)(A\? 4+ 0.696\ + 1.180) = 0
We can use the quadratic equation to solve
A2 +0.696\ +1.180 = 0

for the other two roots, which we find as A2 ~ —0.348 — 1.029:
and A3 ~ —0.348 + 1.029: ,

Then, with a bit of grunt work, we can use these approximations to
solve for the eigenvectors, substitute the diagonalization into the
original equation, and multiply to find the formula for the Nth term.
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The result, with each term rounded to 3 decimal places, is

an ~ (—0.162 + 0.1644)(—0.348 — 1.029:)"
— (0.162 + 0.1644) (—0.348 + 1.029:)"
+0.324(1.696)"

Lastly, we can verify that the first several terms match up with the
actual sequence 0,1,1,1,3,5,7,13,

Our estimates are slightly off due to compounded rounding error,
but they could be made more accurate by using greater precision in
the decimals that occur in the formula for an.

ag =0 a1 ~ 1.000 as ~1.001 a3=1.001
ag ~ 3.003 a5 =~ 5.006 ag="7.011 ay=13.022
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Exercises

Use diagonalization to compute a closed-form expression for the
recursive sequence an.

1) 2)

ayg = 0 ag = 0

a] = 1 a] = 1

(pt2 = 20 + Api1 (pt2 = ap + 2ap41

3) 4)

ay = 0 apg = 0

a] = 1 al = 1

a9 = 1 ag = 1

Ap+3 = Qp + Gpi2 Ap+3 = Gp + Apy1 + Apyo
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4.3 Generalized Eigenvectors and Jordan Form

As we saw previously, not every matrix is diagonalizable, even when
allowing complex eigenvalues/eigenvectors. The matrix below was
given as an example of a non-diagonalizable matrix.

(o 3)

Patterns in Powers

However, notice that there’s a pattern in the powers of this matrix.
2
1 1\ (11 1 1y (1 2
0 1) \0o 1/J\0 1) \0 1
11\® /1 1\ /1 2\ (1 3
o 1) \o 1/\0o 1) \o 1
1 1\' /1 1\ /1 3\ (1 4
0 1) \o 1/\0o 1) \o 1

Leveraging this pattern, we can still write a formula for the Nth

power of this matrix.
1 1\" (1 n
0 1) \0 1
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When we conduct this same experiment with a 3 x 3 matrix of
similar form, a more general pattern pops up.

110 1 21
01 1| =(0 1 2
00 1 00 1
11 0\° 13 3
01 1] =lo 1 3
00 1 00 1
11 0\* /14 6
01 1| =01 4
00 1 00 1

The pattern is that the numbers are all just binomial coefficients
taken from Pascal’s triangle! Writing this pattern more generally for
a k x k square matrix, we have

11 0 0" /1 (D) ¢ - ()
1 0 1 (Tll) : (kiQ
11 1 (’})

1 1
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If we replace the diagonal with another number, say A, then similar
experimentation reveals the following formula:

Al c e 0\ A (AL (DA (AR
A1 - - 0 A (MR () AR
A 1 AT (T)An—l

A )\n

Jordan Form

These matrices consisting of a diagonal A directly below an
off-diagonal of 1s are called Jordan blocks, and a matrix consisting
of Jordan blocks is called a Jordan matrix.

For example, the matrix below consists of two Jordan blocks. (Note
that blank entries correspond to 0.)

O N
DN =

S O W
S W =
W = O

The big question, then, is: which matrices A can be expressed as
A=prJjp~!

where J is a Jordan matrix?
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The answer is quite satisfying: all of them! Thus, Jordan form
provides a guaranteed backup plan for exponentiating matrices
that are non-diagonalizable.

Procedure for Finding a Jordan Form

So, how do we construct the matrices P and .J ? Let’s start out like
we did with diagonalization, right-multiplying both sides of the
equation by P.

AP =PJ

To keep things simple but interesting enough to generalize our
results, let’s assume the following two-block Jordan matrix.

A1
0 N
J = A 1 0
0 X 1
0 0 X
Then we have
A1
(||>(||||)0A1
Alvir viz var ve we3 | = [vi1 vz v wvea wvo3 A2 10
o I 0 A 1
0 0 X

[ N N | |
(A’Uu Aviy Avyy Avzs Avez | = | Mvnr vl + Avin Agvar a1 4 Agvae va2 4 Agvag

N | | \ \
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First of all, since

Avi = Mo

Avg1 = A2y

we see that v11 and v21 are eigenvectors corresponding to the
eigenvalues A1 and A2, respectively.

This makes intuitive sense because these columns mark the start of
the Jordan blocks and thus don’t have a 1 above them -- these
columns are perfect diagonals.

Before we go on, notice that we can rearrange the above equations
as follows:

(A—)\lf)'l)ll =
(A—)\QI)Ugl =0

This will be helpful shortly. Now, we move into the more novel
cases, beginning by equating the second columns.

Avig = v11 + Avi2

By rearranging the equation, we come up with an equation similar
to those we found for the eigenvectors v11 and v21.
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Avig = v11 + A1v12
(A= XI)viz = vy
(A—=MID)Pvp = (A= 1) vy
= Avir — Mo
= A\v11 — Aong
=0

We call v12 a generalized eigenvector of order 2 for the eigenvalue

. . 2, —
A1 because it solves the equation (A=MI)v = 0, whereas
normal eigenvectors (i.e. generalized eigenvectors of order 1) for the

eigenvalue A1 solve the equation (A= MIv=0,

By the same reasoning, we conclude that v22 is a generalized
eigenvector of order 2 for A2, and v23 is a generalized eigenvector
of order 3 for A2,

Demonstration

To conclude this chapter, we walk through an example of
exponentiating the non-diagonalizable matrix below by converting it
to Jordan form.

1 1 -1 1 -1
0 -1 0 0 1
0 1 -1 0 O
0o 3 -2 1 -3
0 0 0 0 -1
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First, we compute the eigenvalues. In the row manipulations, we use
the symbol [0 to denote matrix entries that change but have no
consequence when computing the determinant.

1-A 1 -1 1 -1
0 —1-A 0 0 1

det 0 1 —1-A 0 0 =0
0 3 -2 1—A -3
0 0 0 0 —1-A
1—A 1 -1 1 -1
0 —1-A 0 0 1

det 0 0 —-1-A 0 U =0
0 0 -2 1—-A O
0 0 0 0 —1-A
1—A 1 -1 1 -1
0 -1-A 0 0 1

det 0 0 —-1-A 0 4 =0
0 0 0 1—-A O
0 0 0 0 —1-A

(1=X)2(-1-X)3=0

A=1,1,—-1,-1,—1

Now that we have the eigenvalues A1 = 1 repeated twice and

A2 = —1 repeated three times, we solve for the first and
second-order generalized eigenvectors for A1, and the first, second,
and third-order generalized eigenvectors for A2.
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First, we solve for the first-order generalized eigenvector v11 of

A1 =1,

0

(A — /\1[)1)11

=0

(A= ()Ivn

=0
) U11
) v11

(A — I)’Ull

O O O O O

-1
1
0

-3

-2

0
0

-2
-2 0
0

0

1 -1 1
1
3
0

0
0
0
0
0

O O O O O

1

0
-2 0 0
-2 0 0

0 1

0 0

0 0
0 0

|

—
o O o O o
(

Il

i

i

>
-
S o oo -
— O O O O
OO +H O O
o~ O O O
o O o O o
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00 0O0O 0
01 00O 0
001 0 O0Ofvi1=1]0
00010 0
00 0 01 0

1

0

7)11:0

0

0

Next, we solve for the second-order generalized eigenvector vi2 of
A1 = 1, which is independent of the first-order generalized
eigenvector v11.

(A — /\1])21)12 =0

0 1 -1 1 -1 0
0 -2 0 0 1 0
0 1 -2 0 0 vig= |0
0 3 -2 0 -3 0
0O 0 0 0 -2 0
0 0 00 O 0
0 4 0 0 -4 0
0 -4 40 1 |vi2=]0
0 -8 40 9 0
0 0 00 4 0
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~ _
O O O O O
~—____ — ~-

I

™

i

>
~_
S O OO
O O O O O
O O < F O

0
0
0
0
0

0

0

00000
01000
00400
00400
0 0001

V12

V12

00000
01000
00100
00000
00001

O O O —H O

V12
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Before we go on, let’s take inventory of what we have, filling in part
of our Jordan form expression.

11 -11 -1 SRS -
0o -1 0 0 1 0 N

0 1 -10 0) = [vu viz V21 V22 Uzs] ( A2 1 0) (Un Viz V91 V22 V23

0 3 -2 1 -3 ‘ ‘ 0 X 1 ‘ ‘

0 0 0 0 -1 0 0 X

11 —-11 -1 10 11 10 -
0 -1 0 0 1 00 01 00

0 1 -1 0 0 =10 0 V21 V22 V23 /\2 1 0 00 V21 V22 V23

0 3 -2 1 -3 01 0 A 1 01

0 0 0o 0 -1 00 0 0 X 00

Continuing, we solve for the first-order generalized eigenvector v21
of Ao = —1,

(A= AaT)vgy =0

(A + I)U21 =0
21 -1 1 -1 0
00 0 0 1 0
01 0 0 O Jvar=1]60
03 -2 2 -3 0
00 0 0 O 0

V21 =

O O OO N
O O = OO
e}
oON O O -
o O O = O
O OO OO
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200 0 O 0
000 0 1 0
01 0 0 0 V21 = 0
001 -1 0 0
000 0 O 0
100 0 O 0
010 0 O 0
001 -1 0Jva1=160
000 0 O 0
000 0 1 0
V21 =

O~ = O O

Then, we solve for the second-order generalized eigenvector v22 of
A2 = —1, which is independent of the first-order generalized
eigenvector v21.

(A — XoI)%v95 =0

OO OO N
SO W KR O
)
O O O =
[a)

S
%)

)

I
OO O OO
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4 4 -4 4 -4 0
00 0 0 O 0
0 0 0 0 1 V99 = 0
0 4 -4 4 -3 0
00 0 0 O 0
4 0 0 0O 0
00 0 0O 0
0 0 0 0 1 V92 — 0
01 -1 10 0
00 0 00O 0
10 0 0O 0
01 -1 10 0
00 0 O OJvae=10
00 0 0O 0
00 0 01 0

0

1

vo =11

0

0

Lastly, we solve for the third-order generalized eigenvector v23 of
A2 = —1, which is independent of the first and second-order
generalized eigenvectors v21 and v22.
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0

(A — )\2])31)23

-2 2

0 3

—12 12

8 12

O O O o O

O — O O

V23
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Finally, we can fill in the rest of our Jordan form expression.

11 -11 -1 1000 0\ /11 10000
0 -1 0 0 1 0001 1|[01 00011
01 -10 0|=]00110 -1 1 offoo110
0 3 -2 1 -3 01100 0 -1 1 01100
00 0 0 -1 00001 0 0 -1/ \0 0001
11 -1 1 -1 1000 0\ /11 10 0 0 0
0 -1 0 0 1 0001 1][01 01 -1 1 -1
001 =10 o0f=foo0110 -1 1 offo -1 1 0 1
0 3 -21 -3 01100 0 -1 1]]lo 1 0 0 -1
00 0 0 -1 00001 0 0 -1/ \0 0 0 1
Exponentiating our matrix, we have

11 -1 1 -1\" 10000\ /11 /10 0 0 0
0 -1 0 0 1 0001 1]fo1 001 -11 -1
01 -10 0| =[oo0110 -1 1 0 -1 1 0 1
0 3 -2 1 -3 01100 0 -1 1 01 0 0 -1
00 0 0 —1 00001 0 0 -1 00 0 0 1

To exponentiate the middle matrix, it suffices to exponentiate the
two blocks separately. The first block is simple and familiar:

63 =6
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For the second block, we make use of the general formula

T S U (P A B
A 1 e e 0 A" (Tf))\nfl (kﬁ2)>\’nfk+2
Aol X ()t
A AR
and find that
n -1 -2
11 o (O e @D
— n n—
0 -1 1 = 0 (—1) (D (-1)
0 0 -1 0 0 (—1)"
1 —1 -2
(=) m(-1)nt M
=| o (=" n(—1)"1
0 0 (—1)n
Thus, we have
11 -11-1\" /10000\/ln 10 0 0 0
0O -1 0 0 1 0001 1|01 0o 1 -1 1 -1
01 -10 0) (o 011 o]( (-1)" n(-1)n1 MZQ(—U"Z] [0 -1 1 0 1)
03 —21 -3 01100 0 (-1)m n(—1)n-1 01 0 0 -1
00 0 0 —1 00001 0 0 (-1)m 00 0 0 1/,
Multiplying out and simplifying, we reach
11 -1 1 —1\" 1 n —n n —n
0 -1 0 0 1 0 =" 0 0 n(=1)"*
01 -10 0| =]|o n(—1)v+! -n" 0 o) (_qyn
0 3 21 -3 0 (n+ (=" 41 —14 (=17 1 2B qyn g ()1
00 0 0 -1 0 0 0 0 (="
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Lastly, let’s verify this formula on the case n = 2.

1 1 -1 1 -1 1 2 -2 2 =2

0O -1 0 0 1 o 1 0 0 -2

0O 1 -1 0 O =10 -2 1 0 1

o 3 -2 1 -3 0o -2 0 1 3

O 0 0 0 -1 0 0 0 0 1
1 2 -2 2 -2 12 —22 -2
0 (-1)? 0 0 2(=1)**! 01 0 0 -2
0 2(—1)2+1 -2 o 221 ()2 =lo -2 1 0 1
0 @+1)(-12 41 —14(-1)2 1 2B 124 (121 0 -2 0 1 3
0 0 0 0 (-1)2 00 0 0 1

It checks out!

Exercises

For each matrix A, express A = P.JP~! where .J is a Jordan
matrix, and use this Jordan expression to compute A™. Check your
formula on the case n = 2.

(§ 2)



Justin Skycak | Linear Algebra

204

-1
—6
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-3
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1
4
0

S O

— M O

10)

-2
1
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4
-2
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-3 —4
3 3
-1 -2
4 4
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S AN — O

AN~ — O
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4.4 Matrix Exponential and
Systems of Linear Differential Equations

In this chapter, we will learn how to solve systems of linear
differential equations. These systems take the form shown below.

d$1
PTG + ajpry + - + aypTi

dmg
g 02Tt a2l e Aok,

dxy,
P Ap1T1 + Ap2xo + - -+ + QppTk

Converting to Matrix Form

We can write the system in matrix form:

dx
e ai; aiz - a1g\ (21
dx
I asr az - ag | | 22
dxy

“a a1 ag2 - Ok Tk
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Defining
X1 ai;p a2 --- alg
X2 a1 a2 -+ A9
T = A= .
Tk a1y Qa2 - QAgk

the system can be written more compactly as

dx
— = Az
dt .
. ope . . . d_x f— a/x
This bears resemblance to a familiar differential equation @ — “*,

where x and a are both scalars. We know that the solution to such

a system is given by £ = ex(0),

We infer, then, that the solution to the matrix differential equation is
given by

x = ex(0).

But what does it mean to exponentiate a matrix? How should we
compute e4t?

Matrix Exponential

Recall that e! can be written as the power series



Justin Skycak | Linear Algebra

X in
t t
e=2
n:
n=0

Consequently, e%! can be written as the power series

oo o0
at (at)™ a™t"
e = Z n! Z n!

n=0 n=0

Extending this to the matrix exponential e“?, then, we have

o o0
At (Ay)™ A™M"
e = Z n! Z n!
n=0 n=0 .
Writing A in the form
A=PJjpP!

where J is a Jordan matrix, we have

o0
Antr
At

n!
=0

i (PJpP~t)min

n!

n
n

207
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Thus, computing the exponential of a matrix reduces to the problem
of computing the exponential of the corresponding Jordan matrix.
As such, we need only investigate how to compute exponentials of
Jordan blocks.

First, we consider the simplest case: a perfectly diagonal block.

A1
A2

Ak

In this case, we have

(& = |
"0 n!
A "
Dt — 1" A2
=3
Jo— n.
Ak
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o) i
n
> M
n=0
oo o
n
> A
6Dt = n=0 "
oo m
n
> Ak
n=0
f (At)"
n!
n—=
i (Aat)"
Dt n!
€ = n=0
o Qwd)"
E n!
n=0
6)\1t
Aot
e
oDt —
it

Second, we consider the more involved case: a block with an
off-diagonal of 1s.

> =
—_
(es)

209
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In this case, we have

o n!
A1 0 R o\ "
A1 0
oo n
A
n! .
n=0 "
A1
A

ny __
Taking the convention (c) =0 when ¢ > N, we can write

A (le) A1 (g) /\n:f e (k:L—Ll) )\n:l]::;
At DA e (AT
o0 tn . :
jt_ N\~ :
- nZ:O n! :
S
)\n
X P an S My n—l S £ (m) y\n—2 S (0 yn—k+l
nl nl\1 nl\2 nl \k—1
Za Zadr 2 aen W2y A
= t" \n = t" (m) yn—1 = t"(n n—k+2
PR ZNpY mAnt e n:Zk:_Qm(k—Z)A
oIt —
= " = " (n 1
PR > A
n=0 n:loo .
> aA
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Notice that the entries in the matrix take the form

Z:Z( >/\n ¢

n=c

where ¢ is the column index of the matrix. We can simplify these
expressions as follows:

ZZ( >>\n c

n=c

— Z ' Anfc
nlcl(n —c)
i frAn—c
- (n — o)l
“— cl(n —o)!

tn+c)\n

-y

n=0
s ()

c! n!
n=0

tC
_ Lo
c!
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Thus,
At At 2Nt th—1 A\t
e te ?e o« o o o (k_l)!e
—2
e)\t 7fex\t (272)! 6’\t
oIt —
e)\t te)\t
eAt
t2 tkfl
Lt 5 =y
.
Lt =)
oIt — oM
1 t
Demonstration

Now, we're ready to run through an example. We shall solve the
system below.

% = x1+x9—23+ 24— T5 z1(0) =1
dif = —I2 + T5 22(0) =0
= Tg — X3 3(0) = 1
dc% =  3x2—2w3+ x4 — 35 z4(0) =0
ds = —as5 75(0) =1
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First, we convert the system to matrix form.

et 1 1 -1 1 =1\ [z
dry 0 -1 0 0 1| [a
sl =10 1 -1 0 0 [[as
%4 0 3 -2 1 =3z
das 0 0 0 0 —1/ \as
1 1 -1 1 -1
i 0 -1 0 0 1
— =10 1 -1 0 0|2z
afy 3 21 _3
0 0 0 0 —1

Next, we write the matrix in the form PJP~! where J is a Jordan
matrix. We did this with the same matrix in the previous chapter, so
we will just assume our previous result.

11 -1 1 -1 10000 11 1 0 0 0 O
0 -1 0 0 1 00011 01 01 -11 -1
01 -10 O0]=]001T1SP0 -1 1 0 0 -1 1 0 1
0 3 -2 1 -3 011060 0 -1 1 01 0 0 -1
0 0 0 0 -1 00001 0o 0 -1 0 0 0 1

We know that the solution to the system is given by

_ p.Jtp—1 . . .
x = Pe’'P 33(0), which we will be able to multiply once we
compute e’*. We break up the computation of e”/* across the two
blocks within .J .


https://www.codecogs.com/eqnedit.php?latex=J%0
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Applying our formula from earlier, we have

1 ¢
Jit _ t
€ e(o 1)

Putting this together, we have

Finally, we compute the solution.

o)

o~

\

o
o o
S = oo+

x = PeltP~12(0)

1 0 0 0 0\ /e te
00011 0 ¢
z=]0 011 0 et
01100 0
00001 0
100 0 0\ /e te
00011 0 €
z=(0 0110 et
01100 0
00001 0

1 0

00

te™? %e_t 00

et tet 0 1

0 et 0 0
1 0
0 1

te_t i e—t 0 —1
et tet 0 1
0 et 0 0

— T

[l =)

SO == O

OO OO

— O O = O

—_ O = O
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10 0 0 0\ /e te 1
0 0011 0 e -9
z=[00 110 et et Let| | 2
01100 0 et tet -1
00001 0 0 et 1
10000 (1—271)?
00011 2e
z=100 11 0[] (5-t+2)e
01100 (t—1e !
0000 1 ot
(1—2t)e!
tet
t2 —t
(%—t+2)e‘t—2et
€_t
Exercises

Solve each system of linear differential equations by converting it to

de _
a matrix equation d_gtc = Az and computing the solution
x = ez (0)
1)
% = x1+ 2o z1(0) =0
dry  — gy z2(0) =1

dt
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I

r1 + X2
Tl — X2

)
T+ 3
3

r1 + X3
1+ X2
T2 + x3

X9 T
I3 X
Ty X
T T
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z1(0) =1
1’2(0) =1
.%'1(0) =0
CCQ(O) =0
x3(0) =1
.’El(O) =0
x2(0) =1
x3(0) =1
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Solutions
to Exercises
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9)

11)
13)
15)

17)

input dimension: 2

input dimension: 3

Part 1

Chapter 1.1

2)

output dimension: 3

output dimension: 1

input dimension: m 6)

output dimension: m — 1

(—1,8,2)

5V6
(0,2v/5,0,—2V/5)
z = (3,5)

x =44

z=(-3,3,-3,3)

8)

10)
12)
14)

16)

18)

Chapter 1.2

2)

219

input dimension: 1

output dimension: 1

input dimension: 2

output dimension: n

input dimension: m + n

output dimension: 2
<_87 0>
22

(3,1,—4,1,-2)

_ 2
J)—:I:\/;
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15)

17)

19)

21)
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0 4)
<0a 07 _4> 6)
< 1? 37 _1> 8)
x=-2 10)
x =43 12)
x=-1 14)
arccos (i> 16)
V10
~~ 18.43°
T =90°
2 18)
6 20)
V2 22)
Chapter 1.3

1
arccos | —
(ﬁ )
~ 67.79°

5
arccos | ——-—
( 3v14 >

~ 116.45°
4/6
v 110

answers may vary; one correct answer is

z(t) =(1,2,3) + (2,0, -2) ¢

answers may vary; one correct answer is
x(t) =(1,-1,2,-2) + (—1,2,2, —1) ¢
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3)

answers may vary; one correct answer is
xz(t) = (=5,-1,2,1,3) + (9,5,0,1,—-3) ¢

answers may vary; one correct answer is
z(t) = (1,0,-3,-3,0,1) +(2,1,2,3,2, -1) ¢

yes; t =2 6) no
no 8) yes;t=5
1+ 229+ 323 =0 10) 2x1 — 229+ 23 =06

4oy — 229 — DXy =7
xr1 — 229 — 3x3 + 224 — x5 = —3
1 +x9—23=0 14)  bx1+3x2+x3=9

6x1 — 1929 + 1123 =1 16) 3r9 + 2x3 =05

Chapter 1.4
2 2) 1
2 4) 2
3 6) 2
1 8) 3
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11) 3 12) 2
13) 5 14) 3
Chapter 1.5
1) 2)
r=2 r=25
y=-1 y=3
3) 4)
T = T =2
y=-1
z = z=-=2
5) 6)
T = T =2
5 y=-—1
z = Zz =
7) 8)
w = w=—1
T z=0
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Part 2
Chapter 2.1
1) 2 2) 1
3) 10 4) 36
5) 12 6) 23
7) 6 8) 59
9) 36 10) 3
Chapter 2.2

1) A) exactly one solution 2) B) no solutions or

infinitely many solutions

3) B) no solutions or 4) A) exactly one solution

infinitely many solutions
5) A) exactly one solution 6) A) exactly one solution

7) A) exactly one solution 8) B) no solutions or

infinitely many solutions

9) A) exactly one solution 10) B) no solutions or

infinitely many solutions
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Chapter 2.3
A) exactly one solution 2) A) exactly one solution
18 2
r=— T ==
7 7
s 1
YT YT
A) exactly one solution 4) A) exactly one solution
54 3
r=— r=—
59 88
19 49
Y= 59 T
A) exactly one solution  6) B) no solutions or
r=—1 infinitely many solutions
18
Y=
3
z=<
)
A) exactly one solution 8) A) exactly one solution
LB L
18 6
2 2
YT Y773
a=1 T
"2 76
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9) A) exactly one solution 10) B) no solutions or

w = infinitely many solution
13
T
y=1
)
T

11)  A) exactly one solution 12) A) exactly one solution

1 R
YT 12 T
8 13
w=— w=——
15 15

2 16

xr= —— €Tr = —

5 15

_ __3

Y= 715 Yy=75
7 17
Z=—— z2=——
20 15

Chapter 2.4

1
1) y=C_oe 2 +C1e" + (Cz + Zm) e

1
2) y = (C,Lo + 0717133) e+ 0363:6 — gex

1
3) y=Cie"+(Coio+Cqx)e ™ — 1 (sinx 4 cos x)
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1 1
4) y= C_5e73% + (9% + Cse® + % sinx + =0 cos &

1
5 y=Co+ (Cio+Ciix)e” + 2z + 5 CcoS T

1
Cq sin (gm> + C5 cos (gaz)] e2?

+x+ L 3(:os + C:
—sinx — — T
SR TR T) 3

6) y=
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Part 3

¢ -
€ 5)E)-0)
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228

10)

11)

)

17
13

<
<
(

13)

)

15)

|

11
1
)
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17) 18)
1 4
1 28
—6 9
19) 20)
14 20
6 6
-1 )
—-13 19
Chapter 3.2
1) 2)
6 4 12 4 4
2 =7 6 13 1
13 8 4
23 26 6
3) A)Nx3 4)
B)2x N 4 5 10
4 1 4
5) 6) A)Nx1
(17 20) B)2x N
7) 8)
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9) 10)
12 -5 24 8 17 -5
15 —10 3 1 10 2
1 3
Chapter 3.3

1) answers may vary; one correct answer is
1 1\ /2 O
0 1)\0 1

2) answers may vary; one correct answer is

(1962

3) answers may vary; one correct answer is

(1) 3)

4) answers may vary; one correct answer is

G966

5) answers may vary; one correct answer is

(D6 D65

S [ey—
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6)

10)

11)

13)

15)

answers may vary; one correct answer is
1 0\ /1 =2\ /4 0
1)\ 1/)\0 -1

answers may vary; one correct answer is

1 00 1 00
4 1 0 010
3 01 0 2 1
answers may vary; one correct answer is

100\ /1 =2 0\/2 0 0
1 0]l0o =50
0 0 1/\0o 0 2

answers may vary; one correct answer is

101\ /1 -4 0 1 00\ /4 00
01 4]fo 1 0 s 1 0](o 5 0
001/\0 6 1/\-201/\0 0 2
answers may vary; one correct answer is
101\ /1 00\ /1 —& 0\ /-3 0 0
013)[% 1o)Jfo 1 of{0 -2 0
001/ \-101/\0o -2 1/\0 o0 1
det(X) =6 12)  det(X) =12
3
det(X) =2 14)  det(X) = 3

det(X) = z 16) det(X) = _3
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17)  det(X) = +2 18)  det(X) =+ g
Chapter 3.4
1) 2)

3) 4)  not invertible
7 1
5 5
(v 5)
5) 6)
1 2 0 -4 1 -3
010 -4 1 =2
0 1 1 5 -1 3
7) ot invertible 8)

1 6 -3 —6
21 4 2 12
-2 5 -6

o= oo
|
N
N\
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10)

11)

13)

15)

17)

19)

-11 -17
i 14 8
25 5 10
—26 —22
B 1/9
xr = AV
no inverse
3
T = 0
-2
12
1
-5
45
B 1 -9
LT S|

29

16
-9
-5
31

-1

—16

12)

14)

16)

18)

20)

233

x—i 31
37\ 7

no inverse

r=-|-34
22

—31

1| 2
T 19| 33

—34
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Part 4

Chapter 4.1

answers may vary; one correct answer is

(2 0\/2 0\/3 o0
=006 DG )
n n—1 2 0
AT =2 (1—2” ontl

answers may vary; one correct answer is

=(EDEE 7

A — gn-1 (2(3)" 3(3“2— 1)§

not diagonalizable
answers may vary; one correct answer is

A=z )6 0 %)

g gt (327 3(1—27)
B 2(1-2") 2+43(2)"

235
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answers may vary; one correct answer is

=L D6 90D

L AB s 2[5 — 5]
4°=3 (2 (5" =5 (5" + 4(5)”)

answers may vary; one correct answer is
A . _\/g \/g 2 — \/g 0 _TS
—\ 1 1 0 2+3 V3

6
wt(y [(2+V3)"+(2-V3)"] 3v3[@+Va) - (2- ﬁ)“)
6 \V3[2+V3)" - (2-v3)"]  3[+V3)"+(2-V3)"]

—~ NN

answers may vary; one correct answer is

A:(11\/§ 1j1L\/§> (—(\)/3 \/(%) (-f ;}ﬁ)
(

\/W(—1+¢§+(1+¢§)(—1)n 2-92(—

A" =

V3
6
)
2 1— (=1 1+V3+ (W3 -1)(-1)"
not diagonalizable
answers may vary; one correct answer is

(1 1\ [(1-i 0 : 4
= )00 )

w_ LA+ "+ @ =)™ i[1—d)" = (1+4)"]
A —2(2[(1 i) — (1= )] (1+¢)n+(1—¢>n>
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10) answers may vary; one correct answer is

(i =i\ (1-2i 0 ~1
A_(l 1)( 0 1+2i)<§ )
7

g1 ( (T+20)"+(1—2)"  [(1—2)" — (1 + Qi)n]>
2\ 20)" — (120" (L420)" + (1 - 20)"

N[00

11) answers may vary; one correct answer is

021\ /-1 00\ /-3 1 3
A=|1 3 0)J(0 1 O0)[3 0 -3

001/\0o oz2/\0 o0 1

. 2 0 2(2" — 1)
At = | 3[1= (=" 2(=1)" 3[(=1)" —1]

2 0 0 _on+1

12) not diagonalizable

13) answers may vary; one correct answer is
1 0 2 2 0 O 3 2 =2

A=|-1 1 0|f0 -2 0] |3 3 -2
o 13/ \o 0o 1) \-1 -1 1
3(2)" — 2(2" = 1) 2(1-27)

A" — [( 2>n_2n] 3( 2) 2n+1 (_2)n+1+2n+1
(=2 —1]  3[(-=2)" -1 3+ (=2

14)  not diagonalizable

Chapter 4.2

271 _ (_1)n



238 Justin Skycak | Linear Algebra

2)  an=

2 (1) = (1-v2)']

3)  an ~ (—0.209 4 0.1847)(—0.233 — 0.793i)"
— (0.209 + 0.1844)(—0.233 + 0.7937)"
+0.417(1.466)"

1) ap ~ (—0.168 + 0.1984)(—0.420 — 0.6067)"
— (0.168 + 0.1984)(—0.420 + 0.6067)"
+0.336(1.839)"

Chapter 4.3

1) answers may vary; one correct answer is
1 0\ /1 1\ /1 O
=L D6 )60
n_ (n+1 n
AT = < -n 11— n)
2) answers may vary; one correct answer is
A 1 2 1 11 0 1
“2\2 0)\0 1)\2 -2

2n+1 —2n
n __
4 _< 2n 1—2n)
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3)

4)

5)

6)

answers may vary; one correct answer is
0 1 2 1 0 1
a=(00) (6 5) (o)
An — 2n—1 2 0
n 2

answers may vary; one correct answer is
1 1 -1 1 0 1
a=(o) (5 )0 )
1—-n n
n__ (_1\n
AT =(=1) <—n n+1>

answers may vary; one correct answer is

1 00 210 1 0 0
A=11 1 0 0 2 0 -1 1 0
0 01 0 01 0 01
on — n—lp 2n=1np 0
A"( —2""tn 2" lp 4 2n 0
0 0 1

answers may vary; one correct answer is
1 1 0 -1 1 0 -1 1 1
A=(2 1 1 0 -1 0 2 -1 -1
0 0 —1 0O 0 3 0 0 -1
(=

((—1)”(1 — 2n) 1)"n (=1)"n )
A" = —4(-1)"n (- 1)"(2n +1) (2n+1)(-=1)" —3n
0 3n
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answers may vary; one correct answer is

10
A=12 0
01
2

A =2
2

0 1 10 1 0 O

1 01 1 2 -1 1

1 0 0 1 -2 1 0
+ 6n — 2n? n? —3n 2n
12n —4n? 202 —6n+2 4n
—4n 2n 2

answers may vary; one correct answer is

0 1
A=11 0
11
An:2n73

0 2 10 1 2 -1

1 0 2 1 1 0 0

2 0 0 2 -1 -1 1

8 —4n —4n 4n
5n—n? 8+n-—n? n®—n
n—n?> —-n?—3n n?+4+3n+8

answers may vary; one correct answer is

0 0

1
A_O
1

0
1
0
2n4(

01 21 00 -1 0 0 1
10 0 210 0 01 O
00 0 0 21 1 1 0 -1
01 0 00 2 1 00 O
0 0 0
n +3n +20n 6n —6n+48 24n 6n — 6n2
6n% + 18n 24n 48 —24n

n3 4+ 3n2 — 4n 6n2 — 6n 24n 48 + 61 — 6n?
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10) answers may vary; one correct answer is

0101 11 0 O 1 2 -1 -1
A 1010 01 0 O -1 -2 2 1
11 00 00 -1 1 -1 -1 1 1
00 21 00 0 -1 2 2 =2 -1
—142(-1)" 2(-1)" -2 2—2(-1)" 1— (="
An— —[1+2(—1)"J:+1—(—1)” —2[1+(—1)i]27;+2—(—1)" 2[1+(—1)2"T]27jr-:(—1)"—1 [1+(—1)"]7;+ (-n)"—1
—4(-1)"n —4(=1)"n 4(~1)"n (-1)(2n+1)
Chapter 4.4

2)
1+v2 2 1-v2) V2
o () ()
%eﬁt + 267\/%
3)
%(% —1)et + %e*t
xr = Z(Qt —+ 1)6t — Ze_t
ot
4)
%e% — %et/Q cos (@t)
x= |2+ %et/Q cos @t — V/3sin @t
%e% + %et/Q cos @t + \/§Siﬂ @t
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5)
}% [et +et+ 2cost]
|z [et —et— QSint]
r= }% [et—l—e_t — 2cost]
1 [et —e b4 QSint]
6)

[1 +e 2t —|— 2¢et cost]
[1 — e 2t — 2¢elsin t]
[1 — 2¢! cos t]
[1 — 72 4 2¢t smt]

8
Il
NN LN T e



